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A SURVEY OF THE THEORY OF SPECTRAL OPERATORS 


NELSON DUNFORD 
Dedicated to l\farston l\forse 
1. Introduction and statement of the problem. The importance of 
the spectral reduction theory for bounded and unbounded selfadjoint 
and normal operators in Hilbert space is amply demonstrated by its 
diverse applications to such far reaching fields of mathematics as the 
theories of topological groups, almost periodic functions, harmonic 
analysis, and selfadjoint boundary value problems. The problems 
centering around the reduction theory for nonnormal operators are 
among the most important problems in the theory of linear operators. 
Notable among the many early contributions to such problems were 
those of I. Fredholm [20] in 1903 and G. D. Birkhoff [5] in 1908. 
Fredholm discussed a certain class of linear integral equations and 
Birkhoff, a class of linear differential boundary value problems on a 
finite interval. The operators discussed in the Fredholm theory are 
compact and have spectra which are at worst convergent sequences. 
The corresponding spectral resolutions need not be countably addi- 
tive, or, what amounts to the same thing, the eigenvalue expansions 
need not be unconditionally convergent. The Fredholm theory was 
later given a more abstract basis, stated in operator form and free 
of determinant theory, by F. Riesz [32], J. Schauder [33], and T. H. 
Hildebrandt [22]. The deep and comprehensive ,,"ork of Birkhoff on 
eigenvalue expansions associated ,vith (not necessarily selfadjoint) 
differential operators of arbitrary order strongly suggests that, ex- 
cept for certain irregular cases, linear differential boundary value 
problems on a finite interval \vill have unconditionally convergent 
(in Hilbert space) eigenvalue expansions. That this is indeed the case 
is sho\vn by the work of J. T. Schw'artz 1 and H. P. Kramer [24] ,vho 
have given Birkhoff's results in an abstract linear operator form. The 
general formulation shows that the expansion theory is valid for 
operators whose analytical expressions may involve integral and 
difference operators as \vell as other types of terms. The recently 
announced results of M. A. K eumark [28; 29; 30 J on singular differ- 


An address delivered before the Annual l\!eeting of the Society in Cincinnati on 
January 28, 1958 by invitation of the Committee to Select Hour Speakers for \\7estern 
Sectional 1\ Ieetings ; receiyed by the editors January 28, 1958. 
1 This, and other work of Schwartz referred to here will appear in Linear opera- 
tions, Part II, by N. Dunford and J. T. Schwartz, a forthcoming volume to be pub- 
lished by Interscience Publishers. This volume will be referred to as L.O. II. See also 
[ 34]. 
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entia I operators of the second order suggests that a countably addi- 
tive spectral reduction should be expected for a large class of nth 
order linear differential boundary value problems on the infinite 
interval. Sch\vartz has developed and applied operator theory to the 
extent of being able to give an operator-theoretic basis for many 
singular nonselfadjoint boundary value problems of the second order 
and in particular he has established a countably additive spectral 
reduction for the type of operators considered by 
eumark. The 
analytical difficulties arising in the nth order case have retarded cor- 
responding progress for the general problem. Ho\vever, the research, 
as yet unpublished, of David McGarvey indicates that a large class of 
nth order differential operators with periodic coefficients ,viII have a 
countably additive spectral reduction. It thus appears that enough 
evidence exists to justify a serious study, in abstract form, of oper- 
ators \vhich admit a countably additive spectral resolution. In fact, 
it has been conjectured by Sch\vartz that all singular linear differen- 
tial boundary value problems on an infinite interval I with very mild 
gro\vth restrictions on the coefficients (except for those of a highly 
irregular or pathological character sin1Ïlar to the irregular cases of 
G. D. Birkhoff) determine, in a sense that ,viII be made more precise 
presently, operators in L 2 (I) \vhich have a countably additive spectral 
resolution. 
The main problem, of course, is that of discovering conditions on 
an operator \\'hich, on the one hand, are sufficient to insure the exist- 
ence of a countably additive resolution of the identity and, on the 
other hand, are stated in a form that may be applied to the more con- 
crete problems of mathematical study. A beginning has been made 
on this problem and on many related problems all pertaining to the 
study of operators ,vith countably additive spectral resolutions de- 
fined on the Borel sets in the complex plane. In this lecture I shall 
try to survey the present state of knowledge concerning such oper- 
ators, which, for brevity, I shall call spectral operators, and in par- 
ticular I shall describe briefly some of the applications of the theory 
of spectral operators to boundary value problems. 
A word about the spectral reduction problem as opposed to the 
general reduction problem may be in order. The general problem is 
that of finding all projections E \vhich reduce an operator T i.e., 
\vhich commute \vith it. For if E and thus E' = 1- E commutes with 
T then the whole B-space x in which T operates is the direct sunl of 
the invariant subspaces EI and E'I and the study of T is reduced to 
the study of T on the invariant subspaces. Such a formulation of the 
reduction problem is not onc that ,,,ill suit our purposes in the study 
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of a spectral reduction of an operator. For example, the general prob- 
lem \vhen applied to the identity operator is that of finding all projec- 
tions. \Yhereas, from the spectral point of vie\v, the identity, \"hose 
spectrum is a single point, may not be reduced further. ...-\ precise 
forn1ulation of the spectral reduction problem for a bounded linear 
operator is as follo\vs. For each set ð in the falnily B of Borel sets in 
the complex plane \ve "ish to find a projection E(ð) \vhich reduces a 
given operator T in the complex Banach space! and is such that the 
spectrun1 of the restriction TI E(ð)! of T to E(ð)! is contained in the 
closure ð of ð, i.e., 


(i) 


TE(ð) = E(ð) T, 


(j(T I E(ð)!) C ð, ð E B. 


The map ð
E(ð) of the Boolean algebra B into the Boolean algebra 
of projections E(ð) should be a hon1omorphism mapping the units in 
B into 0 and I, i.e., 


(ii) 


E(cþ) = 0, E(p) = I, 
E(ð n (j) = E(ð) A E((j), 


E(ð') = E(ð)', 
E( ð U (j) = E( ð) V E((j), 


\vhere \ve have \\-ritten f/>, p for the void set and the \vhole complex 
plane respectively, ð' for the complen1ent of ð in p, A' for the cOlnple- 
mentary projection I-A, and AVB, AAB for A+B-AB, AB re- 
spectively. A third condition demanded of the projections E(ð) is 
that they be bounded in ð, i.e., 


(iii) 


I E( ð) I < JI, 


ð E B, 


for some constant J[ independent of the Borel set ð. Finally it is 
required that E(ó) be countably additive in 0 in the strong operator 
topology, i.e., for every sequence {On} of disjoint Borel sets 


(iv) 


E( 
1 ð n ) x = E E(ðn)x, 


x E I. 


(.According to a theorem of Orlicz-Pettis [31] this condition of 
countable additivity ",ill hold if each of the scalar functions x* E(ð)x 
\vith x in x and x* in I* is countably additive on B.) The conditions 
(i), . . . , (iv) are clearly redundant but that does not concern us 
here. They state in clear form the four basic properties of the map 
E: ó
E(o) \vhich, since it is uniquely determined by T, is called the 
resolution of the identity for T or the spectral resolution of T. The 
spectral reduction problenl for an operator T in a complex B-space 
I is thus that of finding a resolution of the identity for T, i.e., a map 
ô
E(ð) of the Borel sets 0 in the complex plane into a family of 
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projections E(ð) having the properties (i), . . . , (iv). An operator T 
\vhich has a spectral resolution in this sense is called a spectral oper- 
ator. It has been observed [11] that the spectral reduction problem 
is, for finite dimensional spaces equivalent to the canonical reduction 
of Jordan in classical matrix theory. Thus every operator in a finite 
dimensional space is a spectral operator. The spectral theorem in 
Hilbert space sho\vs that every bounded selfadjoint or normal oper- 
ator is a spectral operator. In the preceding formulation of the spec- 
tral reduction problem the operator T "vas tacitly assumed to be 
bounded. In case T is merely a closed linear operator with domain 

(T) in x the condition (i) must be replaced by the condition (i)' 
that follows. 


1>(T) :::> E(ð)x, ð bounded, 
(i)' E(ð)1>(T) c 1>(T), TE(ð)x = E(ð)Tx, x E 1>(T), ð E B, 
(J(T I E(ð) (x) C ð, ð E B, 
\vhere the restriction TI E(ð)x of T to E(ð)I has domain 1)(T) 
nE(ð)x. As in the bounded case the spectral resolution is uniquely 
determined 2 by T. Well known exalnples of unbounded spectral oper- 
ators are the unbounded selfadjoint operators in Hilbert space. 
Besides the finite matrices and the selfadjoint or nornlal operators 
in Hilbert space I shall list here a few other examples of bounded 
and unbounded spectral operators of frequent occurrence in mathe- 
matical analysis. K. O. Friedrichs [21] has shown that the operator 


(v) 


(Tf)(s) = sf(s) + f b K(s, t)f(t)dt, 
a 


where the kernel K satisfies certain Lipschitz conditions, is actually 
similar to the selfadjoint operation (Af)(s) =sf(s) in L 2 (a, b) and thus 
T has a spectral resolution. The same result probably holds if T is 
regarded as an operator in Lp(a, b) \vith 1 <p < 00 but, as far as I 
know, the details have not been checked. Friedrich suggests in his 
work that his result is also valid if, instead of assuming the Lipschitz 
conditions on K, it is assumed that K belongs to a certain class of 
Fourier transforms. This suggestion \vas carried ou t by J. T. Schwartz 
who found that the operator T of equation (v) is a spectral operator 
in Lp(a, b) with 1 <p < 00 provided that the kernel K is the Fourier 
transform of a Borel measure J.L in the plane whose total variation is 
less than (27r)-1. That is, the operator T of equation (v) is a spectral 
operator in Lp( a, b) with 1 < p < 00 provided that 
t Bade [1] has developed the theory of unbounded spectral operators. Further 
results will be found in [15]. 
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(vi) 


K(s, t) = f 
f_:ei( "+1.) (du, dt), 


var (P) < 1/2r. 


l\n analogous result is true on the infinite interval. 
Iore precisely, 
if multiplication (Af)(s) =sf(s) is defined on the domain 1::'(A) of 
those f in L p ( - x, 7J) for which 


f_: I sf(s) IPds < ox 


and if K is a kernel satisfying (vi) and the further restriction that the 
operations 


(Kj)(s) = f 
 K(s, t)f(t)dt, 


(Lj)(t) = f_: K(s, t)f(s)ds 


are bounded linear operations in L p ( - 
, :f;) then the operation 


( vii) 


(Tf)(s) = sf(s) + r: K(s, t)f(t)dt 


i
, for 1 <p < ex: , an unbounded spectral operator in L p ( - -:f:., x) \\yith 
domain ::D(A) \\Thich is similar to the operator A. 
The results stated in the preceding paragraph may be proved by 
Friedrich's methods of establishing similarity of operators. ,A.nother 
method \\'hich has been useful in establishing the existence of a 
spectral resolution for nonselfadjoint operators consists of determin- 
ing analytical conditions on the resolvent of an operator \vhich are 
sufficient to insure the existence of projections E(ð) satisfying condi- 
tions (i), . . . , (iv). This method, \\'hich will be indicated in some 
detail in 
 
3 and 4 that follo\v, leads to the surprising result that, for 
large classes of operators \\'hich occur among the natural objects of 
mathematical study, the condition on the resolvent \vhich states the 
boundedness condition (iii) is by itself sufficient to insure that the 
operator is a spectral operator. I t should be mentioned that the 
analytical forms taken on by the boundedness condition (iii) in the 
various applications given explicitly later, are by no means easily 
applied in all examples. In fact only in the kno\\
n case of selfadjoint 
operators in Hilbert space is it clearly satisfied. In all other cases 
\\ here the condition has been verified the analytical calculations have 
been considerable. A fev; examples of differential operators for which 
Sch\vartz has verified the boundedness condition are the foI1o\\"ing. 
Other examples have been recentl) discovered by D. R. Smart. 3 


· Communicated to the author by letter. 



222 


NELSON DUNFORD 


[September 


In the case of differential operators associated \vith boundary value 
problems on a finite interval the situation is the follo\ving. '[he un- 
bounded operator T in L 2 (a, b) determined by the formal differential 
expression 


(viii) 


n-l 
(Tf)(t) = f(n)(t) + L aj(t)f(j)(t), 
;=0 


\vhere the a/s are arbitrary bounded, complex, Ineasurable functions, 
if restricted by a set of linearly independent, homogeneous, and regu- 
lar (in the sense of Birkhoff) boundary conditions, is a spectral oper- 
ator in L 2 (a, b). In this case the resolvent is compact and thus the 
spectrum is discrete and only a finite number of the eigenvalues have 
index 4 greater than one. The associated generalized 5 eigenvalue ex- 
pansion is unconditionally convergent. All of these properties hold 
for a some\\That more general class of unbounded operators, e.g., 
operators T in L 2 (a, b) having the form 


(ix) 


n-2 
(Tf)(t) = f<n)(t) + L Bjf(i) 
jz=O 


where the B/s are arbitrary bounded linear operators in L 2 (a, b). 
The operators B j may be integral or difference operators or a COlTI- 
bination of such and thus there is a large class of linear nth order 
boundary value problems in a finite interval which determine spec- 
tral opera tors. 
As mentioned earlier N eun1ark has recently announced results 
which, in our terminology, amount to the assertion that certain singu- 
lar second order differential operators are spectral operators. Follo\v- 
ing an idea suggested by N eumark, Schwartz has verified the condi- 
tions of the general theory of spectral operators and thus has put the 
K eumark type of singular differential operator into the framework of 
general spectral theory. Briefly (and some\vhat incompletely) stated 
the Neumark-Schwartz result (or rather one of the numerous such 
results) is that the unbounded operator Tin L 2 (O, 00) detennined by 
the formal differential operator 


(x) 


T = - (d/dt)2 + q(t), 


O < t<oo 


and an arbitrary nontrivial linear homogeneous boundary condition 
at zero, where q is a bounded complex valued measurable function for 
which 


4 The index of an eigenvalue X is the smallest non-negative integer n for which 
the equation (T-XI)nx=O has the same solutions as the equation (T-XI)n+1 x =O. 
6 A generalized eigenvalue expansion is one of the form x = LX m where 
(T -À"Jtmx m =0. 
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f. 00 (1 + t 2 ) I q(t) I dt < oc, 


is a spectral operator. Basically this is a result on the perturbation 
of spectral operators with continuous spectrum. Closely related re- 
sults for the selfadjoint case were established by l\/loser [27]. The 
main part of the analytical work involved in verifying the conditions 
required by the general theory is in obtaining sufficiently good 
asymptotic estimates for the solutions of the equation Tf="'A.f. 
In formulating the spectral reduction problem as \ve have done by 
demanding boundedness and countable additivity of the spectral 
resolution ,,-e have admittedly ruled out many interesting and ele- 
mentary operators. For example \'Termer [38] has sho\vn that the 
map {an} 
 {an+l} in /2(0, 00) is reduced by no bounded projection 
other than 0 and I. Fixman 6 has recently sho\vn that even the unitary 
shift operator in lp( - 00, 00) fails, in case þ
2, to have a countably 
additive resolution of the identity. Fixman has also given examples 
of unitary operators in C(Q), the complex continuous functions on the 
compact Hausdorff space n, \vhich are not spectral operators. In fact 
by demanding a countably additive resolution of the identity ,,-e 
probably rule out most of the differential operators in L p with Þ 
 2. 
However in many of the irregular cases of eigenvalue expansions 
associated \vith boundary value problems with discrete spectrum 
\vhere the expansions are not unconditionally convergent (and thus 
the operators are not spectral operators) the general theory of spec- 
tral operators sho,vs exactly how the expansion may be summed to 
the function being expanded. 
A \vord about the organization of the present communication. In 

2 the properties of spectral operators, their multiplicity theory, and 
the theory of algebras of spectral operators \viII be very briefly de- 
scribed. Practically no proofs will be given here as they are either to 
be found in the literature 7 or else they \vill appear in papers by Bade 
[4] or Foguel [17; 18; 19]. In 

3 and 4 ho\vever, \ve present in some 
detail, giving proofs and complete statements, the converse problem 
i.e., the problem of determining conditions on an operator sufficient 
to make ita spectral opera tor. I n 
3 four properties of the anal ytic 
functions (
I - T)-lX and their singularities are stated which are 
necessary and sufficient in order that an operator in a \yeakly com- 
plete space be a spectral operator. Because of their generality these 
conditions are q uite difficult to apply in most concrete cases and for 
6 Communicated to the author by letter. 
7 Ivlost of the results mentioned in 
2 will be found in the references [1; 2; 3; 13; 
16; 23; 37]. 
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this reason \ve discuss, in 
4, operators \vhose spectra lie in Jordan 
curves and whose resolvents have a finite rate of growth along a set 
of transversals to the Jordan curves. In this situation all but one of 
the four conditions required in 
3 may be proved in abstract form 
and thus there is but one (the boundedness condition (B) of 
3 \vhich 
corresponds to (iii) above) to be verified in specific cases. The restric- 
tions on the topological nature of the spectrum and on the rate of 
growth of the resolvent which are imposed in 
4 are justified by the 
fact that they are satisfied by most operators arising from differential 
boundary value problems. 
In fact the nth order singular differential operators with periodic 
coefficients have been sho\vn by McGarvey to have their spectra 
lying in a finite set of analytic arcs. Also G. C. Rota has recently 
shown that the nth order singular operators \vhose coefficients are 
rational functions have their essential spectra in a finite set of analytic 
arcs. The resolvent in these cases has first order rate of gro,vth along 
the normals to interior points of these analytic arcs. In these situa- 
tions one finds exanlples of spectral operators \vhich, unlike the situa- 
tions considered by N" eumark, are not similar to selfadjoint operators. 
For example l\1cGarvey has shown that the second order operator 
- (djdt)2+a(djdt) +q(t) where a is a real constant not zero and q is a 
complex valued periodic function small relative to a deternJines a 
spectral operator in L 2 ( - 00, (0). In this situation the spectrum need 
not be real and the operator need not be similar to a selfadjoint oper- 
ator. If a = 0 this is no longer true for l\1cGarvey sho\vs that the oper- 
ator - (djdt) 2 + Ee 2 . trit is not spectral for any E
O. \Vhat destroys the 
spectral property in those cases which have been analyzed is the 
existence of a finite set of irregular branch points about which the 
spectral resolution is not countably additive. 
A number of examples such as those studied by McGarvey, Neu- 
mark, and Rota, has led Schwartz to conjecture that the spectrunl 
of a singular differential operator under quite general restrictions on 
the rate of growth of its coefficients and quite general boundary con- 
ditions will consist of a finite or enumerable number of analytic arcs 
running into and out of a finite or enumerable set of branch points, 
together ,vith an enumerable, or vacuous, set of point eigenvalues 
whose only limit points are the branch points. It is further conjec- 
tured that the resolvent will have first order rate or gro\vth along the 
normals to points interior to the analytic arcs and that the cor- 
responding operators will be spectral operators in the complement of 
that portion of L 2 which is associated "rith an arbitrarily slnall neigh- 
borhood of the branch points. 
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Th us the theory in 
 
3 and 4 is presented in all detail in the hopes 
that it \\'ill interest others in the problem of verifying the Schwartz 
conjecture. 
2. Properties of spectral operators. Before seeking conditions on 
the resolvent R(
; T) of a linear operator T in a complex B-space x 
which are sufficient to insure that T is a spectral operator we shall 
discuss here some of the properties of spectral operators and in par- 
ticular see that the resolvent of such an operator does have properties 
not enjoyed by all resolvents. In other words, before seeking condi- 
tions sufficient for a spectral reduction \ve shall seek necessary con- 
ditions. l\Iany of the results discussed are to be found in the literature 
or else will appear shortly in papers by S. R. Foguel and so proofs 
will be omitted. However a proof will be given for the canonical re- 
duction of a spectral operator as it is more transparent than the one 
in the literature. 8 Recently a sin1Ïlar proof ,vas communicated to me 
by Ci prian F oias. 
Throughou t this section T will be assumed to be a spectral oper- 
ator in the complex B-space x. There are three properties of the 
resolvent R(
; T) = (
I - T)-l of the spectral operator T which are 
not properties of all resolvent operators but which are the basic prop- 
erties of spectral operators that I \vish to emphasize. In the follo\ving 
section it \vill be seen that these three properties come near to being 
sufficient for a spectral reduction and that for the operations arising 
in many mathematical problems the conditions (A) and (C) are 
automatically satisfied and only the boundedness condition (B) re- 
mains to be verified. The first of these properties is the single valued 
extension property. 
(A) For each x in X the function R(
; T)x has the single t'alued ex- 
tension property. 
To interpret this statement a vector valued function f is called an 
extension of R(
; T)x if it is defined and analytic on an open set 
D(f) containing the resolvent set peT) of T and if for each 
 in D(f) 
we have (
I - T)f(
) =x. The function R(
; T)x is said to have the 
single valued extension property if every pair f, g of extensions of 
R(
; T)x have f(
) = g(
) for 
 in D(f)nD(g). The union of all the 
open set D(f) as f varies over all extensions of R(
; T)x is called the 
resolvent set of x and is denoted by the symbol p(x). The spectrum <T(x) 
of x is defined as the complement in the complex plane of the re- 
solvent set of x. In view of (A) it is clear that there is a uniquely de- 
fined maximal extension x(
), 
Ep(x) of R(
; T)x. 


8 Theorem 8 in [13]. 
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The second basic property of spectral operators is the boundedness 
condition expressed in the statement (B) that foIlo\vs. 
(B) There is a constant K depending only upon T, such that for 
every pair x, y of vectors with <T(x), <T(Y) disjoint we have 
Ix I < Klx+yl. 


The third and final condition that is to be stressed is the follo\ving 
closure property. 
(C) For every closed set ð of complex nurnbers the set of all vectors x 
with <T(x) C ð -is also closed. 
The set of vectors x whose spectrun1 lies in a given closed set ð is 
not only closed but it is precisely the range of the projection E(ð) 
associated \vith ð by the spectral resolution of T. I t follows as a corol- 
lary that every bounded operator which commutes with T also com- 
mutes with every spectral resolution for T and this shows that the 
spectral resolution is uniquely determined by T. I t should also be 
mentioned that E(<T(T)) = I and that <T(x) is void if and only if x = o. 
There is a canonical reduction for spectral operators which cor- 
responds to the Jordan reduction for finite matrices of complex num- 
bers. To explain this reduction we introduce the concept of a scalar 
type operator as an operator S which has a spectral resolution E for 
which 


s = f }'E(d}.). 


This canonical reduction asserts that an operator T is a spectral oper- 
ator if and only if it is the sum T = S + N of a scalar type operator S 
and a quasi-nilpotent operator N commuting with S. Furthermore this 
decomposition is unique and T and S have the same spectrum and the 
same spectral resolution. The operator S is called the scalar part of T 
and N the radical part of T. 
Here we have used the term quasi-nilpotent for an operator N for 
\vhich I Nnll/n
o. It is clear that this condition is equivalent to the 
statement that the Laurent expansion for the resolvent 
Nn/Àn+l 
=R(À; N) is convergent for every ^
o. Thus the operator N is 
quasi-nilpotent if and only if its spectrum <T(N) = {O}. S. R. Foguel 
[17] has shown that the scalar part S of a spectral operator T in- 
herits many of the properties of T but it need not inherit the fine 
structure properties of the spectrum. One of Foguel's principal re- 
sults asserts that if ffi is a uniformly closed right (or left) 'ideal in the 
algebra of bounded operators on æ, and if T belongs to 
 then so do S, N, 
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and every projection E(ó) for ,vhich OEEð. A number of interesting 
corollaries are immediate, e.g.: if T is compact so are S, lV, and 
E(ó), OEEð compact; if T is \veakly compact so are S, N, and E(ó), 
OEEð ,yeakly compact; the ranges of S, N, and E(ó), OEEð are con- 
tained in the closure of the range of T -th us if T is separable so are 
S, lV, and E(ð), OEEð separable; a similar result, also proved by 
Foguel, although not an immediate corollary of the above principle, 
asserts that S has a closed range if T does. A.mong other corollaries 
we mention the follo,,-ing: if AT=O then AS=A.V=AE(ó) =0, OEEð; 
if Tx=O then l\T X =SX= E(ó)x=O, OEEð; if for some bounded sequence 
{x n } the sequence {Tx n } is convergent then if OEEð the sequences 
{Sx n }, {Nx n }, {E(ó)x n } are also convergent. 
Foguel has also sho,vn that for a bounded operator A, ,,-e have 
TA =0 if and only if A =E( {O})A and NE( {O})A =0. It follo,,-s 
that if E( {O}) =0 then T A =0 or A T=O only ,vhen A =0 and that 
TI =I. The follo,,-ing elementary examples are used by Foguel to 
sho\v that the converses to a number of the above mentioned results 
are false. The operator T = S + J.V in II is defined by placing S = 0 and 
J.V(
I, 
2, . . . ) = (
2, 0, 
4, 0, . . . ). Then S is compact but T is not 
even ,veakly compact. In the space CoCO, 1), of continuous functions 
vanishing at the origin, let T=S+N\vith S=O and (Nf)(t) = J
f(s)ds. 
Then S has a closed range but T does not and here the point spec- 
trum of S is the continuous spectrum of T. If, in this last example, 
\ve take S to be I instead of 0 then the ranges of T and S are both 
closed but the range of .V is not closed. 
Returning for a moment to the canonical reduction itself \ve shall 
indicate here an elementary proof \vhich is independent of Gelfand's 
theory of normed rings. It ,,,ill first be sho\vn that the sum T = S + l'l 
of a scalar operator S and a quasi-nilpotent N commuting ,,-ith S is 
a spectral operator having the same spectral resolution as S. Let E 
be the spectral resolution for S so that for each Borel set ó the projec- 
tion E(ó) commutes ".ith N and thus \vith T. Thus to sho,v that E 
is also a spectral resolution for T it suffices to show. that q(TI E(ó)I) 
C ð for every Borel set ó. But, since E is a spectral resolution for S 
this \vill follo\v if it is sho\vn that q(TI E(ó)I) =q(SI E(ó)I). This 
latter fact follo".s (by replacing I by E(ó)I) from the equation 
q(S + N) = q(S) \vhich \vill no\v be derived in an elementary fashion 
rather than by appealing to the ideal theory in normed rings. Since 
N is quasi-nilpotent it follo\ys that I Nkl =O(E k ) for every E>O and 
thus for every X in peS) the series 2:::=0 .LVk R(A; S)k converges in the 
uniform:operator topology. Since 
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{ t l{kR(X;S)k } {I - .YR(X;S)} = {I - lVR(X;S)} t lV k R(X;S)k 
k-O k-O 


oc oc 
= L NkR(X; S)
 - L NkR(X; S)k = I, 
k-O k-l 


the series is {I -NR(X; S) I-i. This sho,vs that 
(XI - S - lV)-1 = R(X; S) {I - .LYR(X; S) }-I 


exists as an everywhere defined and bounded operator. Thus 
XEp(S+N) which shows that u(5) => u(5+N). It follo,vs as a corol- 
lary that u(S+N) => u(S+N -N) =u(5) and so u(S+N) =u(5). Thus 
T is a spectral operator having the same spectral resolution as S. 
Since S = f^E(áA) it follows that S is uniquely determined by T. 
Hence .LV = T - 5 is also uniquely determined by T. 
Finally it \vill be shown that every spectral operator T has the 
desired decomposition. The operators Sand N are defined by the 
equations 


s = f XE(dX), 


N=T-S 


where E is the resolution of the identity for T. It is clear that 5 is a 
scalar type operator with resolution of the identity E. Also, since T 
commutes with E(ð) it commutes with S and thus N commutes with 
S. The desired conclusion will therefore be established as soon as 
it is shown that N is a quasi-nilpotent. To prove this we will shaw 
that the spectrum u(N) of N is contained in the circle C e = {xii xl < E} 
whose radius E is an arbitrary positive number. Now let the spectrum 
of T be decomposed into the union of the disjoint Borel sets 
UI, . . . , Uk each having diameter less than a positive number a < E 
which will be specified presently. If ^ is in the resolvent set of each 
of the restrictions NO'i = NI E(Ui)I, and if R i = R(X, NO',), then, putting 
R = L
::sl R."E(Ui), \ve have 


k k 
(AI - J.V)R = L (XI - J."\TO'.)RiE(Ui) = L E(Ui) = I 


i=1 


i-I 


and 


k k 
R(XI - N) = L R(XI - N)E(Ui) = L R(AI - NO'.)E(Ui) 


i=I 


i=l 


k k 
= L Ri(XI - NO'.)E(Ui) = L E(Ui) = 1. 


i-I 


i-I 
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Thus À is in p(J.V). Consequently, the spectrum of _'^l is contained in 
the union of the spectra q(N'i) of the restrictions NI E(qi)I, so that 
it \vill suffice to sho\v that q(J.V,J C C e for each i = 1, . . . , k. To show 
this ,,-e \vrite 


"V'i = (T - XiI)'i + (XiI - S)'i 


\vhere Xi is a point in q(T,J. Since q(T'i) C õ-, \ve have, 
(f((T - XiI)vi) C Õ"i - Xi C C a C Ce. 
Since ()..iI - S)Vi is the restriction of !Ui()..i - À)E(áA) to q i \ve have 
I<XiI - S)Ui I 
 v(E) max I X - Xi I < at{E) 


>.Eui 


and thus (XiI - S)'i is small in norm if a is small. Thus q(lV Ui ) C C e 
for small a. By the above, this sho\vs that q(N) C C e and since E> 0 is 
arbitrary it follo\vs that q(N) = { 0 }. It then follo\vs that N is a 
quasi-nilpotent. Q.E.D. 
For functionsf in the algebra g:(T) of all complex functions defined, 
single valued, and analytic on an open set containing the spectrum 
q(T) of T the formula 
(i) J(T) = 
 f f(X)R(X; T)dX, 
21r
 c 
\vhere C is a contour surrounding the spectrum of T, establishes a 
homomorphic map of ;f(T) into the algebra of operators on I \vhich 
maps 1 into I and À into T. Thus it establishes an operational cal- 
culus. For a spectral operator T \vith radical part ...\T the formula (i) 
may be ,,-ritten as 


(ii) 


co ?\'"n f 
J(T) = L 
 f<n) (X) E(dX) , 
n-O 11 . 


the series being convergent in the uniform operator topology. Or, 
since f(n) (5) = ff(n)()..)E(áA) , it may be ,,"ritten as 


(iii) 


00 lyn 
f(S + ...Y) = L ,-- f<n)(S) , 
n=O 11, . 


a form \vhich, as Schw'artz has sho\vn, [35] is applicable to any pair 
of commuting operators Sand l\T provided thatf is single valued and 
analytic on an open set containing the spectra q(S) and q(S +N). If, 
for each f in ;J(T), the formula (ii) reduces to 


(iv) 


n [\'"m 
jeT) = L 
 f J(m)(X)E(dX), 
m-O m! 
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the operator T is said to be of type 1l. The operator is of type 11, if 
and only if J.Vn+l = 0 and it is a scalar operator if and only if it is of 
type zero. Foguel has sho"911 that spectral operators of finite type 
can have no residual spectrum and that numbers A in the point spec- 
trum are characterized by the condition E({A})
O. In general a 
spectral operator T may have a residual spectrum and the relations 


Uc(S) C uc(T), 


up(T) U ur(T) C up(S) 


bet\veen the point, continuous, and residual spectra of T and its 
scalar part 5 have been established by Foguel. 
J. \\Ternler [37] has sho,vn that the scalar operators in Hilbert 
space are those operators \vhich are similar to normal operators. 
?\lore precisely, \Vernler, using an idea of lVlackey [26], \vhich is 
based upon a po\verful inequality of Lorch [25], has shown that for 
every finite set 51, . . . , Sk of conlmuting scalar operators in Hilbert 
space there is a bounded selfadjoint operator B \vith a bounded 
every\"here defined inverse such that the operators BS1
B-l, i 
= 1, . . . , k, are all nornlal. This sho,vs that the SUITI and product of 
t\VO commuting bounded spectral operators in Hiibert space are also 
spectral operators. As Kakutani [23] has sho\vn this is not true in all 
B-spaces. In this connection ho,vever, it has been observed by Foguel 
[16] that in any space the sunl (product) of t\VO commuting spectral 
operators is a spectral operator if and only if the sum (product) of 
their scalar parts is a scalar type operator. 
For applications to differential boundary value problems SOlne of 
the properties of unbounded spectral operators nlust be developed. 
i\'lost of the necessary work in this direction has been done by \V. G. 
Bade [1]. \Ve shall discuss here very briefly a fe,,' of the facts con- 
cerning unbounded operators. All proofs will be found either in 
Bade's \vork or in L.O. II. 
\Vhile the theory of unbounded spectral operators is developed in 
the ,yorks cited ab initio and not made to depend in a fundamental 
way on the theory of bounded spectral operators there is a funda- 
mental connection between bounded and unbounded spectral oper- 
ators which is helpful to keep in mind. If the complex number A is in 
the resolvent set of a closed operator T then T is a spectral operator 
if and only if its resolvent R(A; T) is a spectral operator whose 
spectral resolution El has E 1 ( {O }) = o. Another useful property 
relating the concepts of bounded and unbounded spectral operators 
is the follo\ving. If E is the spectral resolution for a closed spectral 
operator T then the restriction of T to E(ð)"X is a spectral operator 
'whose spectral resolution is the restriction of E to E(ð)"X and, in 
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particular, if ó is bounded then the restriction of T to E(ó)I is a 
bounded spectral operator. There is a commutativity property for 
unbounded closed spectral operators which is quite analogous in 
statement and proof to the one stated for bounded operators. Let T 
be such an operator \vith spectral resolution E and let A be a bounded 
operator ,,-ith A1:>(T) C L(T) and ATx=TAx for x in 1;(T). Then A 
commutes ,vith all the projections E(ó). Just as in the bounded case 
this property may be used to prove the uniqueness of the spectral 
resolution of a closed operator. Bade has given examples to show 
that the canonical reduction theorem is not valid for unbounded 
spectral operators. Ho\vever, if S is a closed scalar type spectral 
operator ".ith spectral resolution E and if N is a bounded operator 
commuting \vith all the projections E(ó), then S+N is a spectral 
operator \vith spectral resolution E provided that the restriction of 
N to each of the subspaces E(ó)I, ,,-ith ó bounded, is quasi-nilpotent. 
An operational calculus exists for closed spectral operators and 
may be developed as follo".s. Let E be the resolution of the identity 
for the closed spectral operator T and let J be single valued and 
analytic on an open set G \vith E(G) = I. Let {ó n } be an arbitrary 
increasing sequence of bounded Borel sets with closures contained in 
G and such that E(U:=l ó n ) = I. Then the operator J(T) is defined by 
the equations 
v(j(I')) = {xl !
!(T I E(on)'X)E(oa)x exists} , 
f(T)x = lim J(T I E(on)'I)E(on)x, x E 
(f(T)). 


n-+ 00 


The operator J(T) thus defined is a closed linear operator ,,-hich is 
independen t of the particular seq uence {ó n } of Borel sets used to 
define it. If T is a closed scalar type operator the operational calculus 
may be extended from analytic functions to functions J "hich are 
Borel measurable on the spectrum of T. For such anJ letJn be defined 
by the equations 


fnCA) = J(A), 
In(A) = 0, 


IJ(A) I 
 1l; 
I J(A) I > 11. 


Then the operator J(T) n1ay be defined by the equations 
X(f(I')) = {Xlli
 f !a(X)E(dX)x exists} , 
f(I') = li
 f !n(X)E(dX)x, 


x E T;(f(T)). 



232 


NELSON DUNFORD 


[September 


The operator f(T) thus defined is a closed operator with dense do- 
main and, of course, coincides \vith the previously defined operator 
f(T) in case f is analytic. The usual rules for an operational calculus 
may be readily verified. 
If T is a closed scalar type spectral operator with spectral resolu- 
tion E and if f is a Borel measurable function then the operator f(T) 
is also a closed scalar type spectral operator whose spectral resolution 
El is given by the formula El(ð) = E(f-l(ð)). In general if T is an 
arbitrary closed spectral operator with spectral resolution E and if 
f is a single valued function, analytic on a domain G \vhich, when 
taken together with a finite number of exceptional points p includes 
a neighborhood of (j(T) and a neighborhood of the point at infinity, 
then f(T) is a closed spectral operator provided that, at each excep- 
tional point p, as \vell as at 00, f has at most a pole, and also E( {p}) 
= 0 for each exceptional point p. I n particular a polynomial function 
of a closed spectral opera tor is a closed spectral opera tor. 
Bade [3; 4] has developed, by means of some remarkably powerful 
arguments, a theory of algebras of spectral operators which extends 
many features of the theory of commutative W*-algebras in Hilbert 
space. In particular he has given answers to the following questions. 
If T is a family of commuting scalar type spectral operators, when 
are all the operators in the weakly closed algebra generated by T also 
scalar type spectral operators, and precisely what are the operators 
in this weakly closed algebra generated by T? Before surveying this 
work of Bade on algebras of scalar type spectral operators I should 
like to describe briefly the structure of uniformly closed commutative 
algebras of general spectral operators. It will be convenient to use 
the term full algebra for a uniformly closed algebra of operators 
which contains the inverse of each of its nonsingular elements. The 
intersection of all the full algebras containing a given family of oper- 
ators is called the full algebra generated by the family. A fundamental 
result in the study of algebras of spectral operators states that the 
uniformly closed algebra of operators generated by a bounded Boo- 
lean algebra of projections is a full algebra equivalent to the algebra 
of continuous functions on its own space of maximal ideals. From this 
it follo\\Ts that if 
(T) is the full algebra generated by a family T of 
commuting spectral operators in a B-space, x together with their 
resolutions of the identity and if the Boolean algebra ß generated by 
the spectral measures of the opera tors in T is bounded then 
 (T) is a 
vector direct sum 



(T) = 
I(ß) + ffi 
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\vhere m is the radical in 21(7) and \vhere 21(ß) is the uniformly closed 
algebra generated by ß. Furthermore 2I(ß) is equivalent to the alge- 
bra of continuous functions on the structure space A of 2!(T). This 
latter isomorphism may be represented by an integral of the form 


S*(f) = f/(X)A(dX), 


f E C(A), 


where A is a spectral measure in 1* and "9here S*(f) is the adjoint 
of the operator S(f) in 2{(ß) corresponding to f. If the space I is 
\veakly complete then A is the adjoint of a countably additive spec- 
tral measure E in I and the preceding formula takes the form 


S(f) = f/(X)E(dX), 


f E C(A). 


This type of formula raises the natural question of considering the 
operators it defines for bounded Borel functions f \vhich are not 
necessarily continuous. In this connection let us consider a countably 
additive spectral measure E on a u-field 
 of subsets of a set A. 
Then a function f on J.\. is said to be E-essentially bounded on A if 
E - ess sup I f(>..) I = inf sup I f(>..) I 
}.EA E(J) =1 }.EcS 


is finite. Since E is countably additive on 1; there is a set 00 in 2; \vith 
E(oo) = I and for \vhich 
E - ess sup I f(>..) I = sup I f(>..) I . 
}.EA }.E
 


The map f-,;S{f) defined by the integral S(f) = J Af(X)E(dA) is an 
isomorphism bet\veen the algebra EB(A;1:,) of all E-essentially 
bounded 
-measurable scalar functions on and a full algebra of scalar 
type spectral operators. The resolution of the identity E(S(f)) for 
S(f) is given by the formula 
E(S(f), u) = E(f-l(u)) 


\vhere u is an arbitrary Borel set in the plane. The norm of S(j) is 
related to that of I by the inequalities 
E - ess sup I f(>..) I < I S(j) I 
 KE - ess sup I f(>..) I , 
}.EÂ }.EÂ 


where K is independent of f. It follo\vs that S(f) has a bounded in- 
verse if and only if 1-1 is E-essentially bounded and that the spec- 
trum of S(f) is given by the formula 
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u(S(/)) = n f(ð) , 
E(ð) =1 


f E EB(A, 2;). 


Also if the sequence {fn} is bounded in EB(A, 
) and if fn()")
f(À) 
except for those À in a set of E-measure zero then S(fn)x
S(f)x for 
every x in x. Another corollary is that an algebra of operators in a 
weakly com plete space which is topologically and algebraically eq uiv- 
alent to some algebra of bounded continuous functions consists 
entirely of scalar type operators. Thus every operator in the uni- 
formly closed algebra generated by a bounded Boolean algebra of 
projections in a weakly complete space is a scalar type spectral oper- 
ator. I t follows that if the Boolean algebra generated by the spectral 
measures of the operators in a commutative family T of spectral oper- 
ators is bounded then every operator in the full algebra 
{(T) gener- 
ated by T is a spectral operator. In Hilbert space the Boolean algebra 
generated by the spectral measures of a finite set T 1 , . . . , Tn of 
commuting spectral operators is always bounded and so the full 
algebra 2[ generated by Tl' . . . , Tn and their spectral measures has 
the form 2[ = 58 + ffi where ffi is the radical in 2[ and \vhere 
 consists 
of scalar type spectral operators and is the algebra generated by the 
spectral measures for Tl' . . . , Tn. If n = 1 this result is true for any 
B-space x and furthermore every operator in 58 is an E-essentially 
bounded function of the scalar part of Tl (E is the spectral measure 
for T 1 ). 
The preceding results concerning uniformly closed algebras are not 
difficult to prove and, for the most part may be found in [13]. We 
shall no\v describe Bade's results on strongly or \veakly closed alge- 
bras of spectral operators. Since a convex set in the space of all 
bounded linear maps between two B-spaces has the same closure in 
the \veak as in the strong operator topology the strong and weak oper- 
ator closures of an algebra of operators are the saffle. Bade's basic result 
is the following theorem. 
THEOREM (BADE). Let ß be a bounded Boolean algebra of projections 
in a weakly complete B-space x. Then the weakly closed operator algebra 
generated by ß consists of all operators in x which leave 1
nvariant every 
closed linear manifold which is left invariant by every member of ß. 
One of the tools developed by Bade in his study is the following 
lemma which enables him to dispense with the scalar product in 
Hilbert space and thus work in n10re general B-spaces. The lemlna 
concerns a cr-complete Boolean algebra 
 of projections in a B-space 
x, and asserts that for each Xo in x there is a linear functional xri in 
x* with the properties that xci Exo > 0 for E in 58 and also that if 
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xóExo=O for some E in 58 then Exo=O. A corollary of Bade's theorem 
is that every operator in the \,-eakly closed algebra of operators in a 
,veakly complete space \vhich is generated by a bounded Boolean 
algebra B of projections is a scalar type spectral operator. If in addi- 
tion it is kno\yn that for some vector x the set {Exl EE
} is a funda- 
mental in I then a bounded linear operator is in the \veakly closed 
algebra generated by 
 if and only if it commutes \vith every element 
of 5B. ....\nother corollary is that every operator in the ,,-eakly closed 
operator algebra generated by a spectral operator of scalar type and 
its spectral measure is a spectral operator of scalar type. 
Another result of Bade, \\yhich belongs to that interesting collection 
of principles dealing ,,"ith conditions under ,vhich \veak convergence 
implies strong convergence, is the fol1o,ving theorem. 
If a generalized sequence of projections in a u-conzplete Boolean alge- 
bra of projections converges weakly to a projection then it converges 
strongly. If the space is weakly complete then the assunlPtion of u- 
comPleteness rnay be rePlaced by that of boundedness. I t has also been 
sho\\"n by Bade that 1f the Boolean algebra is comPlete then the weakly 
closed operator algebra it generates is the same as the un1formly closed 
algebra it generates. 
Using some of the results on algebras of spectral operators Foguel 
[19] has proved the foIIowing perturbation theorem. Let {Sn} be a 
sequence of commuting scalar type operators which converges strongly to 
the operator S. Let the Boolean algebra generated by the spectral measures 
of the operators Sn be bounded. Then S is a scalar type operator whose 
spectral measure E is related to the spectral measure En of Sn by the 
equation E(u)x = limn En(u) for every x in I and Borel set u for which 
E (boundary u)x=O. 
One feature of the theory of algebras of spectral operators \\-hich 
has, until recently, been neglected is the multiplicity theory. In 
1956 Dieudonné [6] obtained such a theory under the assumption 
that the adjoint I* of the underlying space is separable. l\Iore rec- 
ently Bade [4] has developed a ne\v approach to multiplicity theory 
,,"hich does not require the separability assumption. \Ve shall describe 
briefly Bade's theory. A cardinal valued function m on a comPlete 
abstract Boolean algebra 5B is caIIed a multiPlicity function if m(O) = 0 
and if m(V Eo.) = Vm(Ea) for every set {Ea.}. The cardinal number 
m(E) is called the multiplicity of E. The element E is said to have 
uniform multiplicity 11, if m(F)=n \vhenever O
F < E. Any such 
multiplicity function m on 5B uniquely determines a family {En}, 
n < m(I), of disjoint elements of .SB such that I = V n En and En, if not 
0, has uniform multiplicity n. \Vhat is desired in case the Boolean 



236 


NELSON DUNFORD 


[September 


algebra 5B is a Boolean algebra of projections in the B-space I is a 
multiplicity function \vhich is a natural one in the sense that m(E) 
is the least number of cyclic subspaces spanning the range of E. (The 
cyclic subspace ID1(x) spanned by a vector x is the closed linear mani- 
fQld determined by all vectors of the form Ex, EE'B.) If every family 
of disjoint projections in 58 which is bounded by a given projection E 
is at most countable then E is said to satisfy the countable chain 
condition. Such E form a dense u-ideal in 58 and \vhat Bade does is to 
define m(E) for such E as the least cardinal number of cyclic sub- 
spaces spanning the range of E and then prove that m has a unique 
extension to a multiplicity function defined on all of 58. Suppose that 
the identity I in 'B has a finite uniform multiplicity n and that 
I = V;....l ID1(Xi). Let us regard 58 as a spectral measure on the Borel 
sets 
 of its Stone space f2. Bade shows that there are functionals 
xi, i = 1, . . ., n, ,vith x:WC(Xj) = 0, j 
i, and that the measure 
xiE(u)Xi=J.Li(U) is positive and dominates the vector measure E(U)Xi 
and uses these measures to define the direct sum L = L
"1 LI(n, 
, J.Li). 
The representation of I and 5S' may now be stated as follows. There 
is a linear continuous one to one map T of I into a dense subs pace of 
the direct sum L such that if Tx = [fl' . . . , fn] then 
xfE(e)xi = f ];(W)/li(d<,,), e E 2:, i = 1, . . . , It, 
e 
X = l
 Ê r f;(W) E(dw) Xi, 
m 
\\
here em = {w Ifi(w) I < m, i = 1, . . . , n}. This is not as complete a 
description as one has for the well known Hilbert space case but, of 
course, it is not to be expected that T maps I onto all of L. 
Bade proves that a projection E in 58 has finite uniform multiplic- 
ity n if and only if its adjoint E* has finite uniform multiplicity n. 
As a corollary he obtains the ilTIportant result that if I is separable 
then m(E) =m(E*) for every E in 5B. The main question left un- 
answered by Bade's \vork is the relation between m(E) and m(E*) for 
projections of infinite multiplicity on nonseparable spaces. 
Using the spectral representation associated with the spectral mul- 
tiplicity theory of normal operators in Hilbert space and a result of 
Bade's, Foguel [18] has recently obtained some interesting results 
concerning the representation of operators in a separable Hilbert 
space 
 which commute with a given bounded normal operator S of 
finite multiplicity n in 4). In view of the classical spectral representa- 
tion theory there is a finite decreasing sequence elJe2J . . . Je n , of 
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Borel sets in the complex plane \vith, el the \\Thole plane, and Borel 
measures}li váth }lj(e) =}l(eej), j= 1, . . . , n, such that 
 is equiva- 
lent to the direct sum 5)1 = 2:7-1 f;JJL 2 (}li). Under this equivalence the 
operator 8 becomes the operator 8 1 of multiplication, i.e., the oper- 
ator ".hich maps the vector {fl(X) , . . . , fn(A.)} in 
1 into the vector 
{Afl(A), . . . , Xfn(A.)}. Foguel's results are most clearly stated in 
terms of 8 1 and 
1 and so \ve shall assume that 8 is the operation of 
multiplication by the independent variable in the Hilbert space 
 
= 2:
=1 ffiL 2 (J.ti). Let 21 be the algebra of bounded operators in 
 
which commute with 8 and 
l the algebra of nX n matrices A (X) 
= (aij(X)) of bounded measurable functions aij for which ai;(X) =0 
outside the set einej. Then to each operator A E
 corresponds a 
matrix A (A.) which represents it in the sense that A transforms the 
vector [f1' . . . ,fn] into the vector [Laij(h)fi(A), . . . , Lani(X)fj(X)]. 
This representation is unique (up to sets of measure zero) and the 
mapping A 
A (A) is a * -homomorphism. If 2ft is normed by the 
expression maxi.i ess sup). I aii(h) I then the mapping A 
A (X) is a 
homeomorphism. Strong convergence in 2f is equivalent to uniform 
boundedness and convergence in measure (of the elements aij(X)) 
in 
l' It foIIo,vs as a corollary that if a sequence {A n} in 
 converges 
strongly to the operator A then A: converges strongly to A *. 
Foguel has also given an interesting canonical reduction for the 
matrices A (h). There are n bounded measurable functions 
Zl(h), . . . , zn(h), and n disjoint projections EI(h), . . . , En(h) whose 
elements are measurable and whose sum is the unit Inatrix, and a 
matrix N(A) \\'hich commutes \vith Ei(h) , has measurable components, 
is nilpotent of order n, and for which 


n, 
A (
) = L Zi(
)Ei(^) + .LV(
)_ 


i=-l 


There is an increasing sequence {am} \vhose union is the complex 
plane and such that A restricted to E(am)
 (E is the resolution of 
the identity for S) is a spectral operator. Thus every operator A in 21 
is the strong limit of a sequence of spectral operators. The operator A 
,\\rill itself be a spectral operator if and only if the elements of the 
matrices Et, . . . , En are almost every,vhere bounded. It also follows 
that any generalized nilpotent in 
( must be a nilpotent of order n. 
The operator A is compact if a-nd only if there is a sequence {X n } 
of eigenvalues for 8 for which A (X) = 0 for almost all À not in the se- 
quence {X n } and limn A (An) = o. Consequently if 8 has no eigenvalues 
then A =0 and if 8 has only a finite number of eigenvalues then A 
has a finite dimensional range. If ÀEE {Àn} then Zi(A) = 0, N(A) = 0, 
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EI(X) = I, and Ei(X) = 0, i 
 2. 
Since every scalar type spectral operator in Hilbert space is equiv- 
alent to a normal operator the above results hold for the algebra A 
of bounded operators 'which commute with a given bounded scalar 
type operator S of finite multiplicity. 
3. Conditions on the resolvent of an operator which are sufficient 
to insure that it is a spectral operator. In the preceding section it was 
observed that the resolvent of a spectral operator has the special 
properties (A), (B), (C) listed there, which are not properties of re- 
solvents in general. In this section and the next it \vill be shown that 
these conditions and, in general, another condition on the space x or 
the operator T ,vill prove to be sufficient to insure that T is a spectral 
operator. In order to sitnplify the discussion we shall restrict our- 
selves to bounded opera tors. The central ideas to be developed in 
detail in 

3 and 4 are in the literature 9 but the treatment here is 
more general and at the same time tnore transparent since a number 
of unnecessary concepts have been eliminated frotn the earlier de- 
velopment and new proofs have replaced some of the original ones. 
This section ,vill be divided into three parts. Part 3 (A), ,vill discuss 
consequences of the condition (A.), Part 3(B), those of conditions 
(A) and (B), while Part 3(C) ,vill discuss consequences of the condi- 
tions (A), (B), and (C). In these three parts it will be shown that an 
operator T (in a 'weakly complete space) which has the properties 
(A), (B), and (C) has a uniquely detennined countably additive 
spectral resolution defined on au-field lvI(T) of sets measurable-To 
In general this field need not contain all Borel sets and may not even 
contain enough sets to be useful at all. In Part 3(C) a fourth condi- 
tion (D) is introduced so that the sets (A), . . . , (D) are necessary 
as \yell as sufficient conditions for the operator T to be a spectral 
opera tor. 
The conditions (1\), . . . , (D) are in abstract form and difficult to 
verify in n10st concrete problems. In order to make the analytical 


9 These ideas were de,'cloped rather explicitly in [12] under the assumption that 
the spectrum is nowhere dense although in this work the present development was 
indicated. During the years 1953-1954 I had some correspondence with Gerhard 
Neubauer who made valuable suggestions concerning the work in [11] and [12]. In 
particular Neubauer observed that the single valued extension property of the 
resolvent was a necessary condition for the operator to be spectral. He also suggested 
a number of improvements that could be made in the theory presented in [12]. A 
summary of these ideas may be found in [9; 10; 11]. Also J. T. Schwartz has been a 
valuable critic and has made numerous contributions which have been incorporated 
in the presentation given in 

3 and 4. 



195 8 } 


A SLRVEY OF THE THEORY OF SPECTRAL OPER\TORS 


239 


\vork of verification easier \ve \viII, in 
4, introduce a class of operators 
\\Those resolvents obey a gro\vth condition (G). This class is general 
enough to include most differential operators and restrictive enough 
so that the conditions (A), (C), and (D) may be verified. Thus, for 
a large class of operators the t\VO conditions (B) and (G) may replace 
the four conditions U\), . . . , (D). For this reason the problem of 
verifying the boundedness condition (B) must be regarded as a key 
problem in applying the theory of spectral opera tors. The reader \vill 
readily perceive that (B) is not the sort of condition that is likely to 
be easy to verify. This is not surprising, for \\'hat (B) amounts to in 
the final analysis is the assertion that the resolution of the identity is 
countably additive. Thus (B) is the condition \vhich gives rise to the 
phenomenon of unconditional convergence of the eigenvalue expan- 
sIons. 
\Yhat "'e mean, in more detail, is this. It is because of the countable 
additivity of the resolution of the identity that spectral operators 
have important expansion theorems associated \\,ith them. For exam- 
ple, if T is a spectral operator and its spectrum is denun1erable, then 
every x in X has an unconditionally convergent expansion of the type 
x = LX n (= L>'Ecr(T) E(X)x) \\'here the spectrum of X n consists of 
"generalized eigenvector" associated \vith An. If T is a spectral oper- 
ator of scalar type, then the generalized eigenvectors are simply 
eigenvectors in the ordinary sense. If T is a spectral operator of type 
nx, then the generalized eigenvectors X n satisfy the equations 
(XnI - T)m+lx n = 0, n = 1, 2, . . . . Thus, as long as T has a countabl} 
additive resolution of the identity, "'e are not far from the situation 
characteristic of normal operators in Hilbert space. If the countable 
additivity of the spectral resolution fails, so do many other convenient 
eigenvalue expansion properties. 
It should be noted that it is by no means the case that all the 
familiar eigenvalue expansions of classical analysis are uncondition- 
ally convergent. Indeed, there are many examples, such as Fourier 
series expansions in the space Lp(O, 27r) ,,'ith 1 <p < 'X), \\-here the 
expansion converges, but only conditionally. This seems to indicate 
that further developments in spectral theory \vill include a theory of 
conditionally convergent expansions associated ,,-ith discrete and 
continuous spectra. Contributions along these lines have been made 
by D. R. Smart [36]. Xevertheless, the cases ,,'here one does have 
unconditionally convergent eigenvalue expansions are of sufficient 
im portance to j ustif y stud ying them for their o\\'n sake. I t is this 
fact that lends importance to the problem of discovering \vhich oper- 
a tors are spectral opera tors. 
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3(A). Consequences of the condition (A). Here we shall be con- 
cerned with a bounded linear transformation T in a complex B-space 
I. \Ve shall establish a few properties of T on the basis of the single 
assumption (A), \vhich is repeated here for convenience of reference. 
(A) For each x in I the function R(
; T)x has the single valued exten- 
sion property. 
Since T satisfies condition (A.) we recall that the resolvent set of x, 
\vhich is denoted by p(x), may be defined as the union of all the do- 
mains D(f), the union being taken as f varies over all analytic exten- 
sions of R(
; T)x. Thus p(x) is an open set containing peT), and its 
complement u(x) is a closed subset of u(T). The set u(x) is called the 
spectrum of x. It is clear that there is a unique maximal analytic ex- 
tension of R(
; T)x. This extension, which is a single valued analytic 
function defined on p(x) will be denoted by x(.). Thus the function 
x( .) has, by definition, the properties 


(
I - T)x(
) = x, 
x(
) = R(
; T)x, 


t E p(x), 
t E peT). 


Even though (A) is taken as a standing assumption throughout 
Part 3(A), it will be indicated parenthetically in the statement of 
each lemma in the proof of which it is used. 
LEMMA 1. (A) If a, ß are comPlex numbers and x, yare vectors in I, 
then 


u(x + y) c u(x) U u(y), 
ax(t) + ßy(t) = (ax + ßy)(t), 


t E p(x)p(y). 


PROOF. The function ax(
) +ßy(
) is an analytic extension of 
R(t; T)ax + R(t; T)ßy = R(
; T)(ax + ßy), t E peT), 
defined on the open set p(x)p(y). Thus p(ax+ßy):>p(x)p(y). For 

Ep(x)p(y) \ve have, 
(ax + ßy)(t) = ax(t) + ßy(t), 


by (A). Q.E.D. 
LEMMA 2. (A) The spectrum u(x) is void if and only if x = O. 
PROOF. If u(x) is void then x(l;) is an entire function. Since 
lim x*x(
) = lim x* R(
: T)x = 0, 
f- oo f- oo 


it is seen that x*x(
) = 0 for all 
 and all x* in the conjugate space I*. 
Hence 
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x*X = x*(
I - T)x(t) = {(tI - T)*x*} (X(t)) = 0, 


for all x* in 1*, and thus it follo,vs from the Hahn-Banach extension 
theorem that x=o. Q.E.D. 
LE
{
L\ 3. (A) Let q be a set of comPlex numbers, and q' its comPle- 
ment. If x+y =X1 +Y1, where q(x), q(X1) C q and q(J'), q(Yt) C q', then 
X=X1, y=yt. 


PROOF. By Lemma 1 


u(x - Xl) C u(x) U (T(Xt), 
U(Y1 - y) C O'(y) U 0'(Y1) 


and so the vector X-Xt=Yt-Y has a void spectrum. Thus Lemma 2 
sho,vs that X=Xt, Y=Y1' Q.E.D. 
LE
I
IA 4. (A) If P is a bounded linear operator in I which commutes 
with T, then 


q(px) C 0" (x) , 


x E I. 


PROOF. Since P commutes \vith T it commutes \vith the resolvent 
R(
; T) for every 
 in peT). From the equation R(
; T)Px=PR(
; T)x 
it is clear that Px(
) is an analytic extension of R(
; T)Px to the 
domain p(x). Thus p{Px) :J p(x) and hence q(px) C q(x). Q.E.D. 
3(B). Consequences of the conditions CA.) and (B). Throughout 
this section it ,viII be assumed that the operator T satisfies condition 
(A.) of 3(A) as ".eII as the fundamental boundedness condition (B), 
,vhich \,.e restate here for convenience. 
(B) There is a constant K, depending only upon T, such that for 
every pair x, Y of vectors wÜh q(x), q(y) disjoint we have 
Ix I < Klx+yl. 


4\lthough the assumptions (A) and (B) ".ill be standing assump- 
tions throughout Part 3(B), they ,viII be indicated in the statement 
of each lemma ".here they are used. 
Assumption (B) allo\vs us to associate projections E(ð) ".itn cer- 
tain sets ð of complex numbers. 
DEFIXITIO
 1. The symbol SteT) \,ill be used for the family of all 
sets 0" ,vith the property that vectors of the form x+Y \vith q(x) C q, 
q(y) C q' are dense in I. 
It is clear that if q is in Sl(T), then the complement q is also in 
SteT). 
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LEMMA 2. (A, B) If u is in SI(T), there is one and only one bounded 
projection E(u) on x with the properties E(u)x=x if u(x) C u and 
E(u)x = 0 if u(x) C u'. :AIoreover, 


E(u) + E(u') = I, 


E(u)E(u') = 0, 


I E(u) I < K. 


PROOF. The properties 
(*) E(u)x = x if u(x) C u, E(u)x = 0 if u(x) C u', 
define the projection E(u) on the dense set D = {x+yl u(x) C u, 
u(y) C u,}. Thus the uniqueness of E(u) is assured by the require- 
ment that it is bounded. 
. To prove that an E(u) \vith the properties (*) exists, note that by 
Lemma 3 of Part 3(A) the properties (*) define a single-valued projec- 
tion on D. Assumption (B) merely states that this projection is 
bounded, with bound at most K. Thus it has a unique extension by 
continuity to a projection with bound at most K defined on x. Since 
it is clear that (E(u)+E(u'))x=x and E(u)E(u')x=O for x in D, it 
follo\vs by continuity that these properties hold for all x in x. Q.E.D. 
LEMMA 3. (A, B) If P is a bounded linear operator which contmutes 
with T, then 


PE(u) = E(u)P, 


u E SI(T). 


PROOF. For u in SI, vectors of the form z = x+y with u(x) C u and 
u (y) C u' are dense in x. For such a vector z \ye have pz = Px + Py 
and, by Lemma 4 of Part 3(A), u(Px) C u and u(Py) C u'. Thus, by 
Lemma 2, E(u)Px=Px and E(u)Py=O and so by Lemnla 2 
E(u)Pz = Px = PE(u)z. 
Since the vectors z are dense in I we have E(u)P=PE(u). Q.E.D. 
We now introduce a subclass of Sl(T), \vhich will be shown to be a 
Boolean algebra. 
DEFINITION 4. (A, B) 1'he symbol S2(T) \vill be used for the family 
of all sets u having the property that for every x in x and every 
E> 0, there are vectors xl, x{ \vith U(XI) C u(x)u, u(x{) C u(x)u' and 
I Xl +x{ -xl <E. 
I t is clear that S2(T) is closed under complementation, and con- 
tains the void set and the whole plane. 
LEMMA 5. (A, B) The family S2(T) is a Boolean algebra. 
PROOF. Since S2(T) is closed under complenlentation, to prove the 
lemma it is sufficient to sho,v that it contains the union of every pair 
of its elements. 
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Let CTl and CT2 be sets in S2(T) and, for every set J..L of complex num- 
bers, let 


IDè (p) = {x I u (x) C p} 


for every subset J..L of the complex plane. If x is in I, then, since CTl 
is in S2(T), x is in the closure of 9Jè(CTICT(X)) +IDè(CT{ CT(X)). On the other 
hand, it follo\\
s, since CT2 is in S2(T), that IDè(q2CT{ CT(X)) +9Jl(q{ q{ q(x)) 
is dense in 9J1(q{ O'(x)). Since, by Lemma 1 of Part 3(.
), IDè(O'lCT(X)) 
+IDl(CT20'{0'(X)) is contained in 9J1((qlUCT2)0'(X)), it follo\vs immedi- 
ately that x is in the closure of iJJè((a1U0'2)0'(X))+9Jè((CTlUCT2)'q(X)). 
But this means that 0'1UCT2 is in S2(T). Q.E.D. 
LE
r
IA 6. (A, B) The restriction of the projection valued function 
E from Sl(T) to the Boolean algebra S2(T) is a spectral measure. 
PROOF. The term spectral measure is used for a homomorphic map 
from a Boolean algebra into an algebra of projections provided that 
the units of the Boolean algebra map into the projection operators 0 
and I respectively. \Ve use the notations of the proof of the preceding 
lemma and let 0' be in S2(T). Since an arbitrary vector is in the closure 
of m(qO'(x)) +Wè(O"CT(X)) and since, by Lemma 2, E(q) (z+y) =z for z 
in 
è(CTCT(X)) and y in 9Jè(O"a(x)), it follo,,"s that E(CT)X is in CI 9Jè(CTO'(X)) 
(,,-here the symbol CI 9R(0'0'(x)) is used for the closure of iDè(CTO'(X)), 
and that E(O')x = x for x in CI 9Jè(CTO' (x) ). Thus, if O'it 0'2 are in S2(T), 
then \\ye have E(0'1)E(0'2)X is in CI IDè(CTl0'20'(X)). Hence 
E(UIU2)E(Ul)E(U2)X = E(Ul)E(U2)X. 


Since 


E(ulU2)XECI IDè(UIU2U(X)) C CI9J1(ulu2(x)) n Cl IDè(U2U(X)) 


,,-e have 


E(Ul)E(U2)E(UlU2)X = E(UIU2)X. 
Since all the projections E(.) commute ,vith T and hence "Tith each 
other, by Lemma 3, it follo\\ys that E(ql)E(0'2) = E(0'1q2). Then \\Te 
have 


E(Ul) V E(U2) = E(Ul) + E(U2) - E(UIU2) 
= I - (1 - E(ul))(I - E(U2)) 
= I - (E(u{ )E(u{)) = 1 - E(u{ u{) 
= E((u{ u{ )') = E(UI U (2). Q.E.D. 
DEFIXITIO
 7. (A, B) The symbol SeT) \\
ill be used for the collec- 
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tion of those sets q in S2( T) for which there exist closed sets J.Ln, lI n in 
S2(T) with J.Ln C q, lI n C q', n = 1, 2, . . . and 


x = lim [E(v n ) + E(Pn)]x, 


x E I. 


n-+CIO 


LE
IMA 8. (A, B) The family SeT) is a Boolean algebra. 
PROOF. It is clear that SeT) is closed under complementation. 
I-Ience, in order to sho\v that SeT) is a Boolean algebra, it will suffice 
to sho\v that it is closed under the operation of forming unions. 
Let q, a be in SeT). Let {J.Ln} and {lI n } be as in Definition 7, and 
let {j1,
} and {v n } be sequences of closed sets in S2(T) such that 
iln c a, lI n c a', and 


x = lim {E(vn)x + E(j1n) x } , 


x E I. 


n-+ 00 


Since the sequence {E(lI n ) + E(J.Ln)} is strongly convergent it is 
bounded and the operators E(lI n ) +E(J.Ln) are therefore equi-continu- 
ous. Thus we have 
x = lim [E(v n ) + E(Pn)] [E(j1n) + E(vn)]x 


fi-+ 00 


= lim {E(Pnj1n U Pnvn U vnii.n)X + E(vnv n )X } , 
n-+oo 


x E I. 


Since {J.Lnj1nUJ.LnVnUlInii.n} and {lInV n } are sequences of closed sets in 
S2(T) contained in qUa and (qUa)' respectively, it follo\vs that qUa 
is in SeT). Q.E.D. 
LEMMA 9. (A, B) The set q(T) belongs to SeT), and E(q(T)) =1. 
Furthermore, every subset ð of the resolvent set peT) is in SeT) and has 
E(ð) = O. 


PROOF. Since q(x) C q(T) for all x in I, it is clear from Definition 4 
and Lemma 2 that q(T) is in S2(T) and that E(q(T))x=x for x in I. 
Since q(T) is closed, it is clear from Definition 7 that u(T) is in SeT). 
If ð C p(T) then the void set rJ> and the spectrum q(T) are closed sub- 
sets of ð, ð ' respectively and E(rJ>)x+E(q(T))x=x which proves that 
ð is in SeT). Since E(P(T)) =0 we have E(ð) =E(ð)E(P(T)) =0. 
Q.E.D. 
LEMMA 10. (A, B) Let {qm} be a decreasing sequence of sets in SeT) 
whose limit q is also in SeT). Then 
E(u)x = lim E(u m )x, x E I. 


m-+ 00 


PROOF. We wish to show that lim m .. oo E(qm -q)x = 0 for all x. Thus 
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we may pass without loss of generality from consideration of the 
sequence {O"m} to consideration of the sequence {O"m -O"}; that is, 
we may and shall assume \vithout loss of generality that 0" is void. 
Since E(O"m) =E(O"mO"(T)), by the preceding lemma, we may also as- 
sume that O"m C O"(T). 
Suppose that our assertion is false, so that there is a p > 0 and a 
vector x such that I E(O"m)xl > P for arbitrarily large m. Passing \vith- 
out loss of generality to a subsequence, \ve may assume that I E(O"m)xl 
;::: p for all m. 
For 0" in S2(T) let 111(0") =suPl'çø I E(,u)xl, ,uES2(T). It is clear 
that if PI C P2 then .3I(PI) < J1(P2). Let ,u C VlUV2. Since I E(J-L)xl 
= I E(JlVl)X + E(,uv{ V2)X I < .i1I(J-l) + j\'[(V2), it follows immediately that 
M(Vl U V2) < M(Vl) + M(V2). 


Since 


E(p.)x = I E(p.)E(u)x I :s;; K I E(u)x I , 


for ,u C O" it is seen that 


M(u) < K I E(u)x I . 


Since O"rn is in SeT), \\Te can find closed sets,urn and Pm in S2(T) such 
that ,um C O"m, V m c O"
, and 


I E(J.Lm U vm)'x I < pK- 1 2-m-l. 


Then 


3I((J.Lm U v m )') < p2-m-I, 


so that, putting ðm=O"m-,um, \ye have ðm=O"m,u'm c ,u
r\JI'm=(p.mUPm)' 
and so 


M(Om) < pz-m-l. 


It follows that no finite sum ðlU . . . Uð n can cover O"n. Indeed, 


n 
M(OI U . . · U On) < L pZ-i-l 
 1/2p, 


i-I 


while I E(O"n)XI > p. Hence 


n 
U n P.1J..I.2 . . . J.Ln = Un - U UnO;, 
i=ol 


is nonvoid. Since n
_l ,ui is a decreasing sequence of nonvoid closed 
subsets of the compact set O"(T), we have n
=l ,ui
CÞ. Thus, since 
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J.Li C Ui it follows that n
_l Ui
CÞ, contrary to assumption. Q.E.D. 
The follo\ving three theorems sUffilnarize the results of this section 
and at the san1e time lay the foundation for the studies to be made 
in 
4 that follows. 
THEOREM 11. (A, B) Let T be a bounded linear operator in the com- 
plex B-space I. Then there is a unique spectral measure on the field 
SeT) with the properties 


E(ð)x = x, 
= O. 


ð E SeT), 
ð E SeT), 


u(x) C ð, 
u(x) C ð'. 


This spectral measure is bounded, coun/ably additive on S(T), and 
C01nmutes with T. 


PROOF. From Definitions 1,4 and 7 it is seen that S(T) C S 1 (T), 
and thus for each ö in SeT) there is, by Lemma 2, one and only one 
projection E(ö) \vith E(ö)x=x if u(x) C ö and E(ö)x=O if u(x) C ó'. 
Lemma 2 also sho,vs that I E(ö) I is bounded in ö. Len1ma 3 sho\vs 
that E(ö) comlnutes \vith T and Lemmas 6, 8 and 10 show that E is 
a countably additive spectral measure on SeT). Q.E.D. 
Since the field SeT) is not necessarily a u-field it is natural to ask 
whether or not the spectral measure E may be extended to the u- 
field generated by SeT). The follo\ving definition and theoren1s are 
concerned \vith this question. 
DEFINITION 12. The symbol 
I(T) will be used for the u-complete 
Boolean algebra (or u-field) determined by the Boolean algebra 
SeT). The sets in 
[(T) are called sets measurable T or T-measurable 
sets. 


THEOREM 13. (A, B) Let T be a bounded linear operator in the com- 
Plex B-space I and let E be the associated spectral measure whose exist- 
ence was established in Theorem 11. Then, in the conjugate space I*, 
there is a un'ique extension of the adjoint E* to a spectral measure on the 
u-field M(T) of sets measurable T which is countably additive on AI(T) 
in the I topology of I*. This unique extension is bounded and commutes 
with T*. 


PROOF. For every x in I and x* in I* there is, according to the 
Hahn theoren1, a unique countably additive extension 11l(e, x, x*) of 
the x* E(e)x from SeT) to l1I(T). From its uniquen
ss it is seen that 
m(e, x, x*) is bilinear in x, x* and from the boundedness of I E(e) I 
follows the boundedness of m(e, x, x*). 'rhus for each e in J..f(T) there 
is a uniquely defined bounded linear operator A (e) in I* for \vhich 
xA(e)x* = m(e, x, x*). 
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It will next be sho\vn that the mapping e
A(e) of J..l(T)
B(I*) 
is a spectral measure. It clearly preserves finite disjoint unions, takes 
complements into complements, is countably additive in the I topol- 
ogy of I*, and is bounded. It remains only to show that 


A (0") A (0) = A (0"0). 


I t is seen, by using the above remarks, that for a fixed u the family 
of 0 for \vhich the equation is valid is a u-field. Thus if u is in SeT) 
the equation holds for all 0 in J..f(T). Analogously, if 0 is fixed in 
]l;f(T), then since the equation holds for u in a u-field containing 
SeT), it must hold for all u in :Af(T). 
Since T and E(o) commute and since A (0) =E(o)* for 0 in SeT) \ve 
have 


xT* .A (o)x* = xA (0) T*x*, 


x E X, x* E I*, 0 E S( T). 


Since A is countably additive in the x topology of I* this identity 
holds for every 0 in the u-field determined by SeT) and this proves 
that A (0) commutes ,vith T* for every T-measurable set o. Since 
m(e, x, x*) = x* A (e)x is bounded in e it follows from the principle of 
uniform boundedness that I A (e) I is bounded for e in Jl(T). Q.E.D. 
THEORE
I 14. (A, B) Let T be a bounded linear operator in the weakly 
complete complex B-space I and let E be the associated spectral measure 
whose existence was established in Theorem 11. Then there is a uniquely 
determined extension of E to a spectral measure on the u-field J1I(T) of 
sets measurable T which is countably additive on lvI(T) in the strong 
operator topology. This extension is bounded and commutes with T. 
PROOF. Let A be the spectral measure in the adjoint space 1* 
,vhich is associated ,vith T* as in the preceding theorem. If I is 
weakly complete, A (0) is the adjoint of an operator E(o) in I. To see 
this, note that the family of all sets 0 for which there exists an oper- 
ator E(o) in I with A (0) = E(o) * contains SeT). This family is also a 
Boolean algebra since A is a spectral measure. Since I is ,veakly com- 
plete it is a u-complete Boolean algebra and hence coincides ,vith 
lrI(T). Since E*(o) commutes with T* it follo,vs that E(o) commutes 
with T for every 0 in :AI(T). Theorem 13, together with the Orlicz- 
Pettis theorem, shows that E is countably additive on J.ll(T) in the 
strong operator topology. The boundedness of E foIlo,vs from that of 
A. Q.E.D. 
3(C). Consequences of the conditions (A, B, C): necessary and 
sufficient conditions for spectral operators. Theorem 14 of Part 3(B) 
falIs short of proving that T is a spectral operator in t,vo ,vays. First 
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of all the spectral measure E is not necessarily a resolution of the 
identity for T, for, even though it commutes \vith T it n1ay not 
satisfy the inclusion relation u(Tf E(ð)I) C ð. Secondly, the field SeT) 
or the u-field 111(T) may not contain 111 Borel sets. The first of these 
difficulties will be eliminated by the hypothesis (C) to be made 
presently. The second of these difficulties leads us to consider oper- 
ators which are spectral relative to a field other than the field of Borel 
sets. Such operators are described as fo11o\vs: 
DEFINITION 1. Let 
 be a field of sets in the complex plane and let 
T be a linear operator in the complex B-space I. Then a spectral 
measure E on 
 is said to be a resolution of the identity for T if it com- 
mutes with T and satisfies 


u(T I E(ð)I) C ð, ð E 
, 
\vhere TI E(ð)I is the restriction of T to E(ð)I. The operator T is 
said to be a spectral operator of class (2;, I*) if it has a bounded resolu- 
tion of the identity on 
 for which the set functions x* E( . )x with x 
in I and x* in I* are all countably additive on 
. An operator in I* 
is said to be a spectral operator of class (
, I) if it has a bounded 
resolution of the identity A on 
 for which the set functions xA ( . )x* 
\vith x in I and x* in I* are all countably additive on 
. 
Thus T is a spectral operator if and only if it is a spectral operator 
of class (B, I*), \vhere B is the field of Borel sets in the plane. 
Besides the conditions (A) and (B) the following condition (C) win 
be assumed in most of what follows. Ho\vever, when any of the as- 
sumptions (A), (B), (C) are made in a lemma or theorem they will 
be indicated parenthetically. 
(C) Fór every closed set ð of comPlex numbers the set of all vectors x 
with u(x) C ð is also closed. 
LEMMA 2. (A, B, C) For every set ð in Sl(T) and every vector z in I 
we have u(E(ð)z) C ða(z). 
PROOF. Since ð is in Sl(T), an arbitrary vector z in I is the limit of 
a sequence Zn =X n +Yn with U(Xn) C ó and U(Yn) c ð'. Thus 
u(E(ð)zn) = U(Xn) C ð 
and since E(ð)zn-+E(ð)z, it follo,vs from (C) that 
(T(E) (ð)z) C ð. 
Since E(ð) commutes with T (cL Lemn1a 3 of Part 3(B)), it is seen 
from Lemma 4 of Part (A) that u(E(ð)z) C u(z). Thus u(E(ð)z) 
C ðu(z). Q.E.D. 
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LEM)IA 3. (A, B, C) For ó in Sl(T) let TI E(ó)I be the restr'ictio11, of T 
to E(ô)I. Then 


a(T I E(õ)I) C ð, 


ô E S1(T). 


PROOF. It follo\,,"s from Lemma 3 of Part 3(B) that T commutes 
\yith E(ô) and so T maps E(ô)I into itself. It is therefore meaningful 
to speak of the spectrum of the restriction of T to E(ô)I. 
Let 
EEð. It \,-ill first be sho\'"n that 
I - T is one-to-one on E(ô)I. 
If x is in E(ô)I and (
I - T)x = 0, then, since 

 (T - tl)n 
R ( ")... T ) = "'" , 
, t'o (
 - t)n+1 
for all large À, it is seen that x(X) =x/(À-
) for À

. rhus the spec- 
trum u(x) contains at most the point 
 and therefore ða(x) is void. 
Since x = E(ô)x it follo\vs from Lemma 2 that u(x) is void and from 
Lemma 2 of Part 3(...\) that x = O. This sho\vs that 
I - T is one-to-one 
on E(ô)I. 
I t "rill be sho".n that (
I - T)E(ô)'f. = E(ô)I. Let x = E(ô)x be an 
arbitrary point in E(ô)I. Then, by Lemma 2, u(x) C ð and so 
Ep(x). 
Thus (
I - T)x(
) =x and hence (
I - T)E(ô)x(
) =E(ô)x=x ,,'hich 
sho,,'s that (
I - T)E(ö)I = E(ô)I. The operator 
I - T therefore maps 
E(ô)I, in a one-to-one manner, onto all of itself. This means that 
 
is in p(TI E(ô)I) and thus u(TI E(ô)I) C ð. Q.E.D. 
THEOREM 4. A sprctral operator T has the properties (A), (B), and 
(C). Conversely, if the b02.f'nded linear operator T has these properties 
it is a spectral operator of class (S(T), I*). .J.'foreover, T has a resolution 
of the identity which is countably additive in the strong operator topology. 
PROOF. \'Te shall only demonstrate here the sufficiency of the con- 
ditions. Let the bounded linear operator T satisfy the conditions 
(A), (B), and (C). Then by Theoren1 11 of Part 3(B) and Lemma 3, . 
T is a spectral operator of class (S(T), I*) \vith a resolution of the 
identity \,'hich is countably additive in the strong operator topology. 
Q.E.D. 


THEORE
I 5. Let T be a bounded linear operator in a weakly complete 
space. Then T is a spectral operator if and only if T satisfies conditions 
(A), (B), (C), and the following condÜ'ion (D): 
(D) Every conzplex number is interior to a set of arbitrarily small 
d'iameter belonging to SeT). 
PROOF. It foIlo".s from the preceding theorem that a spectral oper- 
ator has properties (A) through (C). To show that a spectral oper- 
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ator T has property (D), let ð be a closed set in the complex plane, 
and let {ö n J be an increasing sequence of closed sets whose union is 
the complement Ö' of Ö. Let E be the spectral resolution of T. Then 


x = lim {E(ð)x + E(on)x}. 
" 


But u(E(ö)x) C ö and u(E(ðn)x) C ð n . This sho\vs that ð is in S1(T). 
Lemma 2 sho\vs that ð is in S2(T) and, since ö n is closed, the above 
equation proves that ö is in SeT). Thus SeT) contains every closed 
set and property (D) is evident. 
Conversely, if the operator T satisfies conditions (A) through (D), 
then, by Theorem 4, it is a spectral operator of class (S(T), I*). Ac- 
cording to Theorem 14 of Part 3(B) the resolution of the identity for 
T has a unique extension to a countably additive spectral measure 
E on AI(T). I t ,,
ill next be sho\vn that J.1I(T) contains all Borel sets. 
To do this let U be an open set of the complex plane, and let K 
be a compact subset of U. Then, by (D), each point p in K is interior 
to a certain set Up in SeT) \yith up C U. Since K is compact, it is con- 
tained in the union u of a finite collection of the sets Up' Thus, we 
have sho'wn that if K is a compact subset of U, there exists a set 
uES(T) such that K C u C U. Since U is the union of a countable 
infinity of its o\vn compact subsets, it follows U is in Af(T). Since 
J1I(T) contains all open sets, it contains the fanlily B of all Borel sets. 
To complete the proof it \vill suffice to sho\v that u(TI E(ö)I) C ð 
for every Borel set ð. If AEEð, then, using (D), the compact set ðu(T) 
may be covered by a set u in the field SeT) \vith AEEü. Since T is a 
spectral operator of class (S{T), I*), "
e have u(TI E(u)I) C u and 
consequently ^ is in p(TI E(u)I) \vhich means that AI - T is a one-to- 
one map of E{u)I into all of itself. Since u :J öu{T), \ve have E(u) 
:J E(öu(T)) =E(ö) and consequently E{ö)I is an invariant subspace 
of E(u)I. Thus AI - T is a one-to-one map of E(ö)I into all of itself. 
This proves that A is in p(TI E(ö)I) and thus that u(TI E{ð)I) C ð. 
Q.E.D. 
We conclude this section \vith two results on adjoint operators. 
LEMMA 6. Let 
 be a field of sets in the comPlex Plane and let T be a 
spectral operator of class (
, I*). Then its adjoint T* is a spectral 
operator of class (2;, I). 
PROOF. Let E be a resolution of the identity for T. Then the map- 
ping u
E*{u) of 
 into B(I*) is a spectral measure in I*. l\tloreover, 
xE*(u)x* is evidently countably additive on 
 for each xEI and 
x*EI*. Let ÀEt u. Then the restriction of AI - T to E(u)I has an 
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inverse Ra. Define the operator Pv in I by putting P(I'=RaE(u). Then 
clearly E(u)P(I'=Pv=P(I'E(u). Hence 


* * * * 
Pa E(u) = E(u) P v , 


so that P: maps E(u)*I* into itself. Also (XI-T)Pa=E(u), and 
Pa(XI - T) =PaEa(XI - T) =Pa(XI - T)E(u) =E(u). Thus 


* * * * * * * 
Pv (XI - T ) = ('AI - T )Pa = E(u) . 


Consequently the restriction of P: to E(u) *1* is the inverse of the 
restriction of XI*-T* to E(u)*1*. Hence X is in the resolvent of the 
restriction (T*)a of T* to E*(u)I*. This sho\vs that u((T*)(I') C ü and 
completes the proof. Q.E.D. 
TREORE)! 7. CA, B, C, D) Let T be a bounded linear operator in the 
cOlnplex B-space I and let B be the field of Borel sets in the Plane. Then 
T* is a spectral operator of class (B, I). 
PROOF. In vie\v of condition (D) \ve have B C JI(T). By Theorem 
13 of Part 3(B) the spectral measure E* of the preceding lemma may 
be extended from SeT) to a spectral measure defined on Jf(T). Then, 
as in the proof of Theorem 5, it may be sho,yn that u(TI E(ô)I) c ð 
for each ô in JI(T). Q.E.D. 
4. Operators whose spectra lie in a Jordan curve. In the preced- 
ing section it \vas seen that operators satisfying the conditions 
(.A), . . . , (D) are spectral operators. In this section it ,viII be sho\vn 
that, in certain important special cases, all of these conditions, ex- 
cept possibly the boundedness condition (B), are automatically satis- 
fied. Thus for the special types of operators, condition (B) becomes 
the condition \vhich is necessary as \vell as sufficient for the operator 
to be a spectral opera tor. 
LE)f
IA 1. The condition (A) is satisfied if the spectrum of T is 
1l0'lvhere dense in the comPlex plane. 
PROOF. If the resolvent set is dense then any two analytic, or even 
continuous, extensions of R(X; T)x must coincide on their common 
domain of continuity. Q.E.D. 
A,ll of the special type opera tors to be considered in the present 
section ,,-ill haye no\vhere dense spectra so that, according to Lemma 
1, the condition (A) ,,"ill be satisfied by all of the operators that \\-ill 
be studied here. 
The follo,ving theorem, \vhich applies in particular to compact 
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operators, gives a topological restriction on the spectrum of T which 
guarantees that (A), (C), and (D) are all satisfied. 
THEORE:M 2. If the spectrunt of an operator in a weakly c01nplete 
space is totally disconnected then it is a spectral operator if and ouly if 
the boundedness condition (B) is satisfied. 
PROOF. Let T be a bounded linear operator in the \veakly cOlllpletc 
B-space x. To prove the theoren1 it will, in view of Theoren1 5 of 
Part 3(C), suffice to sho\v that T has the properties (A), (C), and (D). 
Since the spectrum u(T) of T is totally disconnected it is nowhere 
dense and, according to Lenu11a 1, condition (A) is satisfied. 
We recaIIlo that to each spectral set (a spectral set is one \vhich is 
an open and closed subset of the spectrun1 u(T) in its relative topol- 
ogy) is associated a projection E(ó) with u(TI E(o)æ) = õ from \vhich 
it follo\vs that every spectral set is in S2(T). Since spectral sets are 
closed they are also contained in S( T). Since the spectrum is totally 
disconnected, every spectral point is contained in a spectral set of 
arbitrarily small diameter and thus in an SeT) set of arbitrarily small 
diameter. Since it is clear that every subset of the resolvent set is an 
SeT) set, condition (D) is in1mediate. 
To verify condition (C), let õ be a dosed set of cOInplex nun1bers 
and let 


M(ô) = {x I u(x) C ô}. 
Condition (C) \vill be proved by shovving that A/Co) is closed. Since 
u(x) C u(T) we have A/(o) = lJ(óu(T)), and it may therefore be as- 
sumed, without loss of generality, that o C u(T). Since u(T) is totally 
disconnected, the closed set ó is an intersection na ó a of spectral sets 
oa. No\v clearly 


M(ð) = M( 
 ð a ) = 
 M(ð a ), 


and so to see that .Jf(ó) is closed it \vill suffice to see that lvI(oa) is 
closed. Since oa is a spectral set, it follows that M(oa) = E(óa)'I and 
hence is closed. Q.E.D. 
Theoren1 2 suggests that the difficulties \vhich n1ay be encountered 
in verifying the conditions (C) and (D) are, in some way, related to 
the presence of connected components of the spectrum. The re- 
mainder of the present section will be devoted to a study of the case 
,vhere the spectrum is contained in a finite disjoint union of con- 


10 Here we are using the operational ca1culu
 on analytic functions as developed 
in [7] and [8]. 
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nected sets each one of which is a Jordan arc. Before passing to the 
details of this study the following result \vill be introduced to allo\v 
us, \vithout any loss of generality, to study the case \vhere the \vhole 
spectrum is contained in one Jordan arc. 
THEOREM 3. Let T be an operator in the B-space I. If I is the direct 
SU11t of two of its closed subspaces Xl and X2, each invariant under T, and 
if the restrictions of T to II and X2 are both spectral operators then T is 
a spectral operator. 
PROOF. Let EI and E 2 be the spectral resolutions of the restrictions 
of T to Xl and X2 respectively. If x = Xl +X2 \yith xiExi for i = 1, 2, we 
define, for every Borel set e of complex nunlbers, the operator 
E(e)x = El(e)xl + E2(e)x2. 
It is clear that E is a countably additive spectral measure and that 
all the projections E(e) commute \vith T. If X is a complex number not 
in the closure of the set e, then AI - T lnaps each of the spaces 
El(e)xl and E 2 (e)x2 in a one-to-one manner onto all of itself. Hence 
XI - T maps E(e)x to a one-to-one manner onto all of itself. This 
sho\vs that u(TI E(e)I) C ë and proves that E is a spectral resolution 
for T and that T is a spectral operator. Q.E.D. 
In lllost of the remainder of the present section it \vill be assumed 
that the spectrum u(T) of T is contained in a closed Jordan curve r o. 
In order to avoid technical complications it will be convenient to 
assume also that ro is smoothly imbedded in a one-parameter family 
of closed rectifiable Jordan curves. 
lore specifically, and as a basis 
for the analytical discussion that foIlo\vs, it will be assumed that 
there is a function 
 = 
(t, ó) \vhich is t\vice continuously differentiable 
on its domain -1 < t, ö < 1 of definition and \vhich has the foIlo\ving 
properties. The equation 
(-1, ö) =
( + 1, ö) holds for all Ö in the 
interval -1 < ö < 1, \vhereas 
(s, 0) 

(t, ö) unless s=t or the pair s, t 
is the pair -1, 1. Thus 
( ., 0) is the parametric representation of a 
simple closed rectifiable Jordan curve r ð. I t is assumed that the 
curves r ð are mutually disjoint, that r ð 1 lies inside r ð 2 if -1 
 ÓI < 02 
< 1, and that ro contains the spectrUI11 u(T). There \\lill be occasion 
to integrate around the curve r ö ,vith respect to its arc length, and 
for this reason it is supposed that the curves r ð are oriented in the 
positive sense customary in the theory of complex variables. The 
simple Jordan arc 
xo \vhich is parametrized by the function 
(to, .) 
is called the transversal through the point Xo =
(to, 0). The principal 
assumption that \\Till be nlade throughout most of this section is that 
the resolvent R(X; T) has a finite rate of growth as X approaches a 
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spectral point Xo along the transversal 
xo through Xo. This rate of 
gro\vth hypothesis is stated formally as follo\vs. 
(G) The spectrum of T is contained in the rectifiable Jordan curve 
ro described above. l\Ioreover, for each spectral point Xo there are 
t\VO positive integers v = v(Xo) and 
I = A[(X o ) depending upon Xo and 
such that 


I (À - Ào)ÞR(À; T) I < M, 


À 
 Ào, À E .ðÀo. 


Although the rate of gro\vth condition (G) will be assun1ed in 
most of what follows, it will be stated either explicitly or paren- 
thetically (as was done \vith the conditions (A), . . . , (D)) in any 
theorem where it is used. It win be seen that this gro\\,th condition 
implies the conditions (A) and (C) and that the boundedness and 
gro\vth conditions (B) and (G) together come very near to insuring 
that the operator T is a spectral operator. 
LEM
IA 4. An operator with property (G) also has properties (A) 
and (C). 


PROOF. If the operator T in the B-space I satisfies the growth 
condition (G), its spectrum lies in the rectifiable Jordan curve r o. 
Thus the spectrum is nowhere dense and condition (A) follo'ws from 
Lemma 1. 
To prove (C), let ö be a closed subset of the complex plane and let 
IDè(ð) = {x I x E I, u(x) C ð} . 


It will be shown that .Ltf(ö) is closed. For every x we have u(x) 
C u(T) c r o and thus lvI( ö) = M(öro) \vhich allo\vs us to assume, with 
no loss of generality, that ö is a subset of the curve roo The set ö is 
therefore an intersection Ö = na ö a of sets ö a each one of which is the 
complement in ro of an open subinterval of roo Since 


M(Iì) = M( 
 lìa) = 
 M(lì a ) , 


in order to see that Al(ö) is closed it will suffice to prove that M(ö a ) 
is closed. In other words, we may and shall assume that ð is the com- 
plement of an open subinterval 'Y of r o. Let {Xn} be a sequence in I, 
convergent to the point x, and with p(x n ) :) 1'. To prove (C) it \vill be 
shown that p(x) :) 1'. To do this it is evidently sufficient to show that 
p(x) contains an arbitrary open subinterval 1'0 of 1'. Let a and b be 
the end points of 1'0 and let C be a simple Jordan curve com posed of 
the transversals ð a , ðb and arcs connecting their end points in such 
a \vay that C includes 'Yo in its interior, intersects ro only at the points 
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a, b, and includes the rest of r 0 in its exterior. 
The condition (G) sho,vs that there is an integer l.V such that 
lim (
- a)N(
 - b)NXn(
) = lim (
- a)N(À - b)NXn(À) = 0 


^-a;^EC 


^-b;^EC 


uniformly in n = 1, 2, . . . . Thus there are open subarcs .LV a , N b of C 
containing a, b respectively and such that the vector Yn(A) 
= (A-a)N(A-b)Nxn(A) has norm 
I Yn(
) I < E/2, n > 1, A E J.V a U lVb. 


Since Xn
X ,ve have 


lim Yn(
) = (
 - a)N(
 - b)N R(
; T)x 


n-co 


uniformly for A in C -lV a - J.V b . This fact together ,vith the preceding 
inequality sho,,
s that for some integer no depending upon E \ve have 


I Yn(
) - Ym(
) I < E, 


À E C, 11, m > 110, 


and thus proves that the sequence {Yn(A)} converges uniformly for 
A in C. By the maximum modulus principle this sequence converges 
uniformly on the union of C and its interior to an analytic function 
Y(A). Since 


yeA) = lim Yn(À) = (
 - a)N(A - b)NX(A) 
II 


for ^EEro the vector 


)((
) = Y(
) 
(
 - a)N(
 - b)N 


is an analytic continuation of x(A) into the interior of C. Since 
(AI - T)X(A) = x for A EEr 0, it follo\vs that (AI - T)X (A) = x for all A 
interior to C. Thus p(x) includes the interior of C and, since the inte- 
rior of C includes 'Yo, the proof is complete. Q.E.D. 
.l\ccording to the preceding lemma and Theorem 5 of 
3 (C), an 
operator T in a ,veakly complete space ,viII be spectral if it satisfies 
(B), (G) and (D). \Ve shall no,v study the condition (D) more care- 
fully and see that the conditions (B) and (G) come very near to 
implying the condition (D). This ,viII allow us to replace the condi- 
tion (D), and in a variety of ,vays, by more satisfactory conditions. 
For example, it ,viII be seen that an operator T in a reflexive space 
,vhich satisfies (G) and \vhose adjoint satisfies (B) is a spectral oper- 
ator. 
Before starting this study it ,viII be convenient to restate the con- 
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dition (G) in a form more suitable to the analysis that follo,vs. In the 
first place, it is clear that the integers p =P(Xo) and l.! = AI(Xo) with 
the required properties exist for every Ao in ro even if Ao is not in the 
spectrum. Also, it may be assumed that for each Ao in ro the trans- 
versal Ll).o lies ,vithin the circle of radius 1/2 and center Ao. This 
shortening of the transversal Ll).o may be achieved by replacing 
(A, ð) 
by 
l(A, ð 1 ) where ð 1 =Kð ,vith K sufficiently large. Now, if every 
point of Ll).o is .within a distance of 1/2 from Ao, it follows from (G) 
that 


lim (
 - 
o)N R(
; T) = 0 
N_oo 


uniformly for A in Ll).o' Thus there is an integer valued function 
p =P(Ao) defined for every Ao in ro and such that I (A -Ao)JI().o>R(A; T) I 
< 1 for every A in Ll).o except A = Ao. In other words the function ]vI 
= .AI(Ao) of condition (G) may, without loss of generality, be as- 
sumed to be identically one. Thus, condition (G) may be restated 
in the following equivalent form. 
(G) The spectrum of T is contained in the rectifiable Jordan curve 
roo l\loreover, there is an integer valued function p defined on ro such 
that for every Ao in ro, 


I (
 - 
 0) II ().o > R (
; T) I < 1, 



 
 
o, 
 E ,ð).o. 


In the analysis to follo\v, it is this inequality that will be used 
rather than the one in the earlier formulation of the growth condition 
(G). 
DEFINITION 5. An integer valued function p defined on r 0 and 
satisfying the preceding inequality is called an index function for T. 
An interval of constancy relative to T is a nonvoid open subinterval of 
ro upon \vhich some index function for T is constant. A point A in 
ro is said to be regular relative to T if it belongs to an interval of con- 
stancy and if, in addition, there is an integer n such that the mani- 
fold 


(
I - T)nx + {x I (
I - T)nx = o} 


is dense in x. 
I t should be noted that if 


x = Cl(T - AI)nx + {xl (T - AI)nx = oJ, 
then, by applying the operator (T -AI)n to both sides of this equa- 
tion, one obtains the inclusion relation 


(T - 
l)nx C Cl(T - ÀI) 2n x. 
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Thus, since the manifolds (T -À.I)mf, decrease as m increases, it fol- 
10".s that 


(T - AI)"! C Cl(T - AI)n+lI. 
Since the manifolds {xl (T-À.I)mx=o} increase \virh m, it follo\vs 
that 


(T - AI)n+lJ. + {x I (T - AI)n+lx = O} 


is dense in I. By induction it is seen that the manifold 
(T - XI)n+k! + {x I (T - AI)n+kx = O} 
is dense in I for all k > o. This fact will be stated in the follo'w'ing 
lemma for future reference. 


LE
I
IA 6. A complex number À. is regular relative to T 1f and only if 
it is contaÙted in an interval of constancy relative to T and, for all suffi- 
cz:ently large integers n, the manifold 
(T - AI)"! + {x I (T - "'AI)nx = o} 


is dense in I. 


It should also be noted that every point À. of fo ".hich is in the re- 
solvent set of T is regular relative to T. This follo\vs since the re- 
solvent set is open and R(À.; T) is continuous so that À. is interior 
to an interval ,vhere some index function is constant. Also for À. in 
the resolvent set the density requirement of Definition 5 is satisfied, 
since for such X, (T - XI)! = I. 
LE
l
IA 7. (A) If (XoI - T)nx=O for sante integer n and sante x
O 
then cr(x) = {X o } . 


PROOF. Since it is finite, the series 


00 

Y(A) = L 
j=O 


( -I ) i 
( Xol - T ) ix 
(X - "'Ao)i+l 
( -1)i 
(ÀoI - T)ix 
(À - Ao)i+l 


" 
=
 


i-o 


converges for every À.
Xo and satisfies the equation (À.I - T)X(X) =x. 
Thus X(X) is an analytic extension of R(A; T)x to the complement of 
{X o }. This means that cr(x) C {X o }. Since, by Lemma 2 of 
3(A), 
cr(x) is not void, ".e have cr(x) = {X o }. Q.E.D. 
LE)IMA 8. (B. G) Every closed sub'lOnterval of f 0 'whose end points are 
egular relative to T belongs to Sl(T). 
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PROOF. Let l' be a closed subinterval of fo ,vhose end points 
"Xl, X 2 are regular relative to T. I t is clear that, by making a suitable 
change in the parameter s in the function 
(s, ð), it may be assumed 
that Xl =
( - (1/2), 0) and X 2 =
(1/2, 0). Since Xl and X 2 are interior 
to intervals of constancy relative to T, there is an E> 0 such that for 
!XO-X I / <E or /X O -X 2 ! <E the inequality 
(i) I 
 - 
o IN! R(
; T)! < 1, 
o 
 
 E ð}.o 


holds for all sufficiently large values of N. In view of Lemma 6 the 
integer N may be fixed so that the inequality (i) holds and also so 
that the manifolds 


IDè i = (
il - T)NI + {x I (Ail - T)N X = O}, 


i = 1, 2, 


are both dense in I. Since illè 2 is dense in I the manifold 


(All - T)NIDè 2 + {x I (
II - T)N X = O} 


is dense in I, so that 
(
I1 - T)N(A2 1 - T)NI + l x I ("All - T)N X = O} + x I (A 2 1 - T)N X = 0 


is also dense in I. By Lemma 7, u(x) C l' if (XiI - T)N X = 0 for i = 1 or 
i = 2, so that to prove the present lemma it will be sufficient to show 
that every element of the form y = (XII - T)N(}....2I - T)N X may be 
approximated arbitrarily closely by a sum ZI +Z2 where U(ZI) is con- 
tained in l' and U(Z2) is contained in the complement 'Y'. 
Actually more will be proved, for it will be shown that ZI and Z2 
may be chosen so that Zl +Z2 is arbitrarily close to y and the spectra 
q(Zl)' q(Z2) are contained in the interior of 'Y, 1" respectively. Using 
the operational calculus for analytic functions 1o we have 


(ii) 


Y = 0\1 1 - T)N(
21 - T)N X 
= { f - f } (
I - 
)N(A2 - 
)N R(A; T)xd
. 
rl r -1 


The transversals .ð.}.l and .ð.}.2 divide the annular region between f 1 
and r -1 into two simply connected areas, each bounded by a curve 
consisting of the arcs .ð.}.l' .ð}.2 and portions of r 1, r -1. Let the area 
containing l' be called AI, and its positively oriented bounding curve, 
C I . Let the area containing the complement 1" be called A 2 and its 
positively oriented bounding curve C 2 . Then, since the integrand in 
the expression (ii) for y is bounded on C I and C 2 , we have 
Y = YOl + yo! 
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,vhere 


(iii) 


y e l = 
 f (Xl - X)N(X 2 - X)NR(X; T)xâA, 
27rt e i 



 = 1, 2. 


It \vill be sho\vn that y e l can be approximated arbitrarily closely by 
vectors ,,-hose spectra lie interior to Cl, and that ye" can be ap- 
proximated arbitrarily closely by elements \vhose spectra lie interior 
to C 2 . The details \vill be given only for y e 2' but the proof for YCl is 
qui te similar. 


rl 


Let
;-,
: be the transversals through the points 
(( -1/2) - E, 0), 

((1/2) +E, 0) respectively. Let A
, A; be the t"90 simply connected 
regions into ,,'hich the annular region between r l and r -1 is divided 
by the transversals ð.; and ð.:-. Let A; be that one of these areas con- 
tained in A 2 , and let C
 be its bounding curve. In vie\v of (i) the 
integrand in (iii) is uniformly bounded, and it follo\vs from an ele- 
mentary calculation using Lebesgue's dominated convergence theo- 
rem that 


YC 2 = lirn YC: 

-o 


'where 


y e 2 = 
 f (Xl - X)N(X 2 - X)NR(X; T)xdX. 
27r't C" 


Thus, to see that YC 2 is the limit of a sequence of vectors \vhose spectra 
are interior to C 2 , it ,viII suffice to sho\v the spectrum o-(Yc;) is con- 
tained in A;. I t is evident that the integral 
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let) = 
 f f (AI - A)N(A2 - A)N(
 - A)-IR(A; T)xáA 
21J"'
 c 


is analytic for 
 ou tsi<.1e .A
. Since 


(
l - T)l(
) = 
 f E (AI - A)N(A2 - A)N(
 - A)-I(
I - T)R(^; T)xdA 
2'7rl C2 


= 
 f E (AI - A)N(À 2 - A)N(
 - A)-l(
 - A)l?(À; T)xdÀ 
27rl C2 


= yc
, 


it follo\vs that I(
) is an analytic extension of R(
; T)yc
. Thus 
p(Yc;) includes the entire compleIPent of A; and so the spectrum 
u(Yc;) is contained in A;. Q.E.D. 
COROLLARY 9. (B, G) Let l' be a closed subinterval of ro whose end 
points ^l, ^2 belong to intervals of constancy relati
'e to T. Then, for 
suffic1'ently large N, the manifold (^lI - T)N (^2I - T)NI is contained in 
the closed manifold determined by vectors of the form Zl +Z2 where U(ZI) 
is interior to l' and U(Z2) is inter1
or to the comPlementary arc 1". 
PROOF. The above statement is what was actually proved in the 
preceding proof. Q.E.D. 
LEMMA 10. (B, G) If the set of points regular relative to T is dense on 
ro then every closed subinterval of ro whose end points are regular rela- 
tive to T is in SeT) and every Borel subset of the plane is n'lcasurable T. 
PROOF. Let l' be a closed subinterval of ro ,vhose end points are 
regular relative to T. Since the points regular relative to T are dense 
in fo, there is an increasing sequence {1'n} of open subintervals of r 0 
each member of 'which has regular end points in the arc "'I' comple- 
mentary to l' and ,vhose union is the 'whole arc 1". By Lemma 8 the 
intervals l' and '}in, n = 1, 2, . . . , are all in SI(T). Since l' is in SI(T) 
there are, for each x in I and E> 0, vectors y and z such that 


I Y + z - x I < E, 


u(y) C 1', u(z) C 1". 


Since u(z) is compact \ve have '}in ::J 'Yn ::J U(Z) for all sufficiently large n. 
Thus, by Lenlma 2 of 
3(B), [E('Y)+E('}in)](Y+Z) =y+z for all large 
n. By the boundedness assumption (B) the norms of the projections 
E(1')+E(in) are bounded in n and, since E>O is arbitrary, we have 


(i) 


x = lim [E('Y)x + E('}in)]x, 
n 


xE X. 



195 8 ] 


A SCRVEY OF THE THEORY OF SPECTR -\L OPERATORS 


261 


?\O\v it iollo\vs from Lemma 4 thdt T has the properties (...
) dnd (C), 
and thus it is seen from Lemma 2 of 
3(C) that 


(ii) 


u(E(-y)x) C '}Io-(x), 


u(E(i7&)X) C inO"(x). 


These relations (i) and (ii) show that l' is in S2(T). Since Î' is an 
arbitrary closed subinterval of fo ,,,hose end points are regular rela- 
tive to T, this proves that the closure in is also in S2(T). Thus it 
follo'ys from (i) that'Y is in SeT). It foIlo,,
s that every Borel subset 
of ro is measurable T. By Lemma 9 of 93(B) every subset of peT) 
is in SeT) and hence is a set measurable T. Thus, since u(T) c r o , 
every Borel set in the plane is measurable T. Q.E.D. 
In view of Lemma 10 it behooves us to seek conditions under 
,vhich points on ro \vhich are regular relative to T are dense on roo 
Some results in this direction \vill be found in the next four lemmas. 


LE!\I
IA 11. (G) The union of all intervals of constancy relative to T 
1"'s an open set dense in f o. 
PROOF. It is clear that the union of intervals of constancy is open. 
To see that it is dense let Î' be a closed subarc of ro having positive 
length and let 
'}In = {X o I ^o E '}I, I X - Xo In I R(X; T) I < 1, Xo 
 ^ E Llxo} 
- {X o I ^o E 1', I 
(^o, õ) - Xo InR(
(Xo, õ); T) I < 1, 0 < I õ I < 1}. 


I t is clear from the second expression for 'Y7& that it is closed, and it 
folIo,,
s fr01TI (G) that every point in 'Y is in one of the sets 'Yn. Thus, 
by the Baire category theorem one of the sets Î'n contains a nontrivial 
subinterval of ')'. Q.E.D. 
LEl\Il\IA 12. (G) If the point spectrum of the adjoint T* contains no 
nontrivial sllbarc of fo then the set of points regular relative to T is 
dense in r o. 


PROOF. If ^ is not in the point spectrum of the adjoint of T then 
there is no functional x*
O for ".hich x*(XI- T)I=O. In vie,v of the 
Hahn-Banach theorem this means that (XI - T)I is dense in I. Hence 
if ^ is also in an interval of constancy for T then ^ is regular relative 
to T. The present lemma thus follo,,
s from Lemma 11. Q.E.D. 
LE
e\IA 13. (G) If the space x is reflexive and if the function identi- 
cally one on r 0 is an index function for T then e'l7ery point of r 0 is 
regular relative to T. 
PROOF. It is clear that ro itself is an interval of constancy relative 
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to T. Let x be an arbitrary vector in I, ^o an arbitrary point on ro and 
let {^n} be a sequence of points in the transversal.ð>.o with ^n 
^o and 
^o = lim ^n. Since æ is reflexive, the bounded 


{(
n - 
o)R(
n; T)x} 


contains a subsequence weakly convergent to an element y of I. By 
replacing the sequence {^n} by a suitably chosen subsequence it may 
therefore be assumed that, in the vveak operator topology, we have 


Iim (
n - 
o)R(
n; T)x = y. 
ft 


Then (^oI - T)y is the weak limit of 


(
n - ÀO)(AoI - T)R(
n; T)x = (
n - AO)X - (AO - An)2R(
n; T)x 


and this limit is clearly zero. Thus (^oI - T)y = O. 
I t ,viII next be sho\vn that the vector x - y is in the closure of the 
manifold (^oI - T)I. To see this it \vill, in view of the Hahn-Banach 
theorem, suffice to sho\v that x*(x-y) = 0 for every linear functional 
x* \vhich vanishes on (^oI - T)'X. If x* is such a functional then 
T*x* = ^ox*, 


x* 


R(
n: T)*x* = 
An - Ao 


and so 


x*y = lim x*(À n - 
o)R(
n; T)x = x*x, 


n-oo 


and x*(x-y) =0. It has been sho\vn that an arbitrary vector x in x 
is the sum of a vector y with (^oI - T)y = 0 and a vector x - y in the 
closure of (^ol- T)'X. Since ^o is interior to an interval of constancy 
relative to T it is therefore a regular point relative to T. Q.E.D. 
LE1\I}IA 14. (G) If 'X is reflexive and if the adjoint T* satisfies the 
boundedness condiÛon (B) then the regular points rf'lative to T are dense 
in r 0 and, in particular, every interval of constancy relative to T con- 
sists entirely of regular points. 
PROOF. In vie\\! of Lenlma 11 it suffices to sho\v that a point ^o in 
an interval of constancy relative to T is regular. Since u(T*) =u(T) 
and R(^; T*) =R(^; T)*, it follows that T* also satisfies the growth 
condition (G) and that every index function for T is also an index 
function for T* and vice versa. By applying Corollary 9 to T* and 
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the interval consisting of the single point Ao it is seen that, for N 
sufficiently large, every element in the manifold (ÀoI* - T*)NI* may 
be approximated by elements z* \vith AoEE<T(z*). To prove that AO is 
regular relative to T it ,viII be sho\vn that, for such lV, the manifold 
(i) (AoI - T)NI + {x I "'AoI - T)N X = o} 


is dense in x. To do this it \vill, in view of the Hahn-Banach theorem, 
suffice to sho,v that the functional x* = 0 is the only functional \vhich 
vanishes on the manifold (i). Let x* be such a functional. Then 


(ii) 


("'AoJ* - T*)N x* = o. 


To see that x* = 0 it \viII first be sho\vn that 


(iii) 


x* E CI(AoJ* - T*)NI*. 


If (iii) is not true then, since x is reflexive, it follo,vs from the Hahn- 
Banach theorem that there is an x in I \vith x*x
o and [(AoI* 
- T*)NI*]x = 0 \vhich means that (AoI - T)N x = o. Since x* vanishes 
on the manifold (i) \ve have x*x = 0 \\-hich contradicts the inequality 
x*x
O and establishes (iii). 
K ow from (ii) and (iii) together it may be concluded that x* = o. 
To do this note first that, according to Lemma 7, <T(x*) = {Ao}. By 
Corollary 9, applied to T* and the interval consisting of the single 
point Ao, there is a sequence {x:} converging to x* \vith AoEEcr(x:). 
Since T* satisfies the condition (B) \ve have 


I x* I 
 K I x* - x: I -+ 0, 


and so x* = o. This completes the proof that the manifold (i) is dense 
in x and thus proves that Ao is regular relative to T. Q.E.D. 
The preceding lemmas, \\?hen combined \vith the general criteria 
given in Theorems 5 and 7 of 
3(C), allo,v us to summarize a set of 
conditions that are sufficient to guarantee that an operator is a spec- 
tral operator. This ,viII be done in the foIIo,,-ing t\VO results. 
THEORE
I 15. If a bounded linear operator in a weakly cotnPlete space 
satisfies the boundedness condition (B) and the growth condition (G) 
then it is a spectral operator provided that anyone of the following con- 
ditions holds. 
(a) The point spectrum of the adjoint contains no nontrivial subarc 
of r o. 
(b) The space is reflexive and the function 


v("'A) = 1, 


^ E ro 



264 


NELSON DUNFORD 


[September 


is an index function for the operator. 
(c) The space is reflexive and the adjoint operator satisfies the bound- 
edness condition (B). 
PROOF. If the bounded linear operator T in a ,veakly complete 
space has the properties (B) and (G) then, by Lemma 4, it has the 
properties (A) and (C). Thus, in vie,v of Theorem 5 of 
3(C), to 
prove the present theorenl it suffices to sho"r that T has property 
(D). According to Lemma 10 the condition (D) \viII be satisfied if the 
points regular relative to T are dense on roo Thus Lemmas 12, 13, 14 
give the desired conclusions. Q.E.D. 
THEOREM 16. Let T be a bounded linear operator in the B-space x 
which satisfies the conditions (B) and (G) and let B be the field of Borel 
sets in the plane. Then the adjoint T* is a spectral operator of class (B, I) 
provided that anyone of the conditions (a), (b), (c) of the preceding theo- 
rem hold. 


PROOF. The proof is the same as that of the preceding theorem ex- 
cept that Theorem 7 of 
3(C) is used instead of Theorem 5. 
It is to be expected from analogies with finite matrices that a 
spectral operator T which satisfies the gro,vth condition (G) ,viII be 
a spectral operator of type m -1 if and only if the constant function 
v (A) = m is an index function. For convenience of reference this finite 
rate of gro,vth condition is stated formally as follo\vs. 
DEFINITION 17. The bounded linear operator T is said to satisfy 
the growth condition (G m ) if its spectrum lies in the curve r 0 and if 
for some constant JI, 


I (
 - 
ð)mR(
ð; T) I < M, 



 E r 0, 0 < I ó I < 1, 


where 
ð is the intersection of the transversal 

 ,vith the curve r ð . 
I'HEOREM 18. A bounded linear operator T in ]-lÜbert space whose 
spectrum lies in the Jordan curve r 0 will be a spectral opertor of type 
m -1 if and only if both T and its adjoint satisfy the conditions (B) and 
(G m ). 


PROOF. If T is a spectral operator in the Hilbert space x then, since 
x is reflexive, the adjoint T* is, by Lemma 6 of 
3(C), a spectral oper- 
ator. By Theorem 4 of 
3(C), both T and T* satisfy the boundedness 
condition (B). l\OW if T is of type m -1 \vith radical part Nand 
resolution of the identity E then 
m-l f E(dÀ) 
R(
; T) = L: Nn 1 
n-O ø(T) (t - À)n+l 



 E peT), 
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from \\'hich it is apparent that T and consequently T* also satisfy 
the condition (G m ). 
Conversely, let T and its adjoint satisfy the conditions (B) and 
(G m ). It is clear from Theorem 1S(c) that T is a spectral operator 
and so it suffices to prove only that T is of type m -1. The proof of 
this \vill require the follo\ving lemma. 
LE
I
IA 19. Let T be a spectral operator ,in Hilb('rl space 
 and lei E 
be its resolution of the identity. Then there is a constant K such illat for 
any finite collection Aj, j = 1, 2, . . . , 1l, of bounded operators in 
 
which comrnute with T, and any collection Uj, j = 1, 2, . . . , n, of dis- 
joint Borel sets, we have 


I t ÂiE(a j ) ! < K sup I Ail. 
i=l l
J
n 


PROOF. According to the Lorch-
Iackey- \Vermer result there is a 
linear one-to-one map B \vith B
 =
, \vith B and B-1 both continu- 
ous and such that for each Borel set U the projection 
P(u) = BE(u)B-1 
is self-adjoint. If B j = BA j B-1 then 
B { Ë AjE(Oj)} B-1 = Ë B;P(u;). 


Since A j commutes \vith Tit COlnmutes with E(u) and hence B j com- 
mutes \vith P(u). Thus 


I t B i P(Uj)X I 2 = I t P(u;)B;X I 2 = t I P(ui)Bjx 1 2 
J=l )=1 i-I 


n 
< sup I B j 1 2 :E 1 P(u 1 )X 1 2 
J j=l 
< sup 1 B j 1 2 1 X 1 2 , 
J 


which proves the lemlna. Q.E.D. 
The remaining part of the proof of Theorem 18 \viII involve Rie.. 
I11ann integrals of the type 


(i) 


f F(
)E(d
), 
ø(T) 


where E is the resolution of the identity for T and F is an operator 
valued function defined on u(T), continuous in the uniform operator 
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topology, and for ,vhich 
(ii) 


F(
) T = TF(
), 



 E u(T). 


I t follows that F(
) also commutes with the projections in the range 
of E, i.e., 


(iii) 


F(
)E(u) = E(u)F(
), 



 E u(T), 


for every Borel set u. If 7r = (Ul, . . . , Un), 7r' = (u{, . . . , u':) are t",.o 
partitions of u(T) and if 
IEui, 
J EuJ, i=l, . . ., n,j=l, . . ., n', 
then using (iii) and Lemma 19, it is seen that, for some constant K, 


I Ê F(
i)E(Ui) - É F(
f)E(uf) 
= I È É {F(
i) - FiW)}E(Uiuf) 

 K sup I F(
i) - F(
f) I , 


where the suprem urn is taken over those i and j for which U iU J is not 
void. If by the norm 17r1 is understood the quantity 
11r I = max diam Ui, 
l
t
n 


it is seen that the limit 


n 
lim L F(
i)E(Ui) 
1..1-0 i-I 


exists in the uniform topology of operators for every function F on 
u(T) which is continuous in the uniform operator topology and satis- 
fies (ii). This limit defines the Riemann integral (i). It is clear that 
the integral is linear in F and satisfies the inequality 


(iv) 


I J F(
)E(d
) I < K sup I F(
) I . 
u(T) 
EO'(T) 


If F and G are two continuous operator valued functions both satisfy- 
ing (ii) then, since 


( t F(
i)E(Ui) ) ( t G(
i)E(Ui) ) = t F(
;)G(
i)E(Ui), 
1.=1 1-1 .._1 


it follows that 


(v) {J F(
)E(d
) } {J G(
)E(d
) } = J F(
)G(
)E(d
). 
u(T) u(T) u(T) 
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'Yð 


#&ð 


I t "rill next be sho\vn that 


(vi) 


f (
I - T)2m E(d
) = O. 
a(T) 


The proof of (vi) \\rill use the integral 


( vii) 


I(p., 'Y) = 
 f (p, - 
)m('Y - 
)mR(
; T)d
, 
27rZ Cð (P."Y) 


'where p" l' are points on ro and, for 0 <ô < 1, the contour Cõ(p" 'Y) is 
the positively oriented contour through p" 'Y \vhich is defined as fol- 
lo\\'s. For an arbitrary 
 in r 0 let 
ò be the intersection of the trans- 
versal through 
 \vith the curve r õ. The curve Cò(p" 'Y) is a positively 
oriented Jordan curve through the points p,ò, l' ò, l' -ò, p,-õ and consist- 
ing of subarcs of the curves r ch ß-y, r -ð, Ll p . The curve Cò(p" 'Y) is 
defined so as to contain in its interior the interior of the directed seg- 
ment (p" 'Y) on the oriented contour roo The integrand f(
) in I(p" "y) 
is defined and continuous at every point of Cò(p" 1') except at p, and 'Y. 
In vie\v of the condition (G m ), f(
) is bounded on Cò(p" 1'). Hence 
I(p" 'Y) exists and is clearly independent of Ô since f(
) has its only 
singularities on roo It \\rill first be sho\vn that I(p" 'y)
O as I ,u-'YI 
O. 
Let E>O be arbitrary and fix ô>O so that the arcs p,-õP,ò and 'Y-ò'Yõ 
both have length less than E. Fix K E so that 


I R(t; T) I = Ke, 



 E r I U 
-õ 
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and fix ae>O so that the arcs 'Y-òJ..L-ð and J..Lò'Yð both have length less 
than E/ Ke provided that I J,L -'1 I <at. Then, for I J,L -'1 I <at, ,:ve have 


1 
I I (J-L, -y) I < - [2fM + 2Kt E / K E ] 
27l" 


,vhich shovts that f(J,L, 'Y)--+O as IJ,L-'YI 
o. 
I t ,viII next be observed that the spectrum of any vector of the form 
I(J,L, 'Y)x is contained in the directed closed subarc J..L'Y. To see this let 
X lie in peT) and outside Cò(J,L, 'Y). Then, it is seen from the resolvent 
equation that 


R(X; T)l(p., 1')x = 
 f 
27l"z C ò (;&. 'Y) 


(p. - 
)m( 'Y - 
)m R(
. T ) xd
 
X-
 ' 


and the integral on the right of this equation gives an analytic ex- 
tension of RC^; T)I(J,L, 'Y)x to all points outside of Có(J,L, '1). Thus the 
spectrum u(I(J..L, 'Y)x) is contained in the closed arc P-,y. Thus if the 
closed intervals J..L'Y and J,L''Y' of ro are disjoint 'we have fron1 Len1ma 2 
of 
3(A), 


E(J.L-y)l(p.', -y') = o. 


Let }.tn, J,L, '1, 'Yn be an ordered set on the oriented curve ro with 
}.tn
}.t and 'Yn
1'. Then E(J.l'Y)I(1'n, }.tn) = o. Since 


(J-Ll - T)m('YI - T)m = l(J-L n 7 J-L) + I(J-L, 'Y) + 1(1', 1'n) + I('Yn7 J-Ln), 


and I(}.tn, J.l)
O, I (1' , 'Yn)
O, it follows that 


E(J-L'Y)(J-LI - T)m('Y l - T)m = l(J-L, 1'). 


Now let ro be divided into n nonovedapping subinterva1s Ul, . . . , Un 
each of length L/n where L is the length of ro, and let tlt 
2, . . . , 
n' 

n+I = 
1 be their positively ordered sequence of end points. rrhen, 
according to the preceding equation 


(viii) E(uj)(
jI - T)m(
j+lI - T)m = I(
j, 
j+l). 


No\v let 0 = 1/n so that the length of Cò(
j, 
j+l) is of the order of l/n. 
I t follows from (vii) and (viii) that 


C 1 
E(uj)(
jl - T)m(
j+lI - T)m = nm+l ' 
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and thus that 


I n I C2 

 (
jl - T)m(
j+ll - T)mE(Uj) = 
 . 
1=1 n 


.An elementary continuity argulnent sho\\
s that the sum whose norm 
appears on the left of the preceding inequality approaches the integral 
J(I(T)(
I - T)2mE(d
) as n-t 00 and thus, this inequ:llity establishes the 
Equation (vi). 
I t ,viII next be proved that 


(ix) 


f (
l - T)iE(d
) = 0 
(I(T) 


.> 
J = 111. 


In vie"r of (vi) this equation may be proved by induction do,vnward. 
Thus it ,viII be shown that (ix) holds for the integer j > m provided 
that it holds for the integer j+1. To do this let 
ó be the point of 
intersection of the curve f ò ,vith the transversal Llt through the point 

 on fo and let R(tð) =R(
ò; T). Then, from (iv) and the hypothesis 
(G m ) we have 


I f (
 - 
ó)i+lR(tó)E(d
) = é\ I 
 - 
ò I , 
(I (T) 


,vhich sho,vs that 


lim f (t - tó)i+lR(
ó)E(d
) = o. 
ð-+O (I(T) 


On the other hand it is seen by \vriting (
-
ò)I = (
J - T) - (
òI - T) 
that 


f (
- 
õ);HR(
õ)E(dÜ = f (tõl - T)1+1R(
ò)E(d
) 
(I(T) a(T) 


i+ 1 ( . + 1 ) f 
+ L (-1)r ) (
l - T)i+l-r(tóI - T)r-1E(d
). 
T=l r (I(T) 


But, in view of (v) and the induction hypothesis, 


f w - T);HR(
õ)E(d
) = 0, 
f' ( T) 


O<ð < 1. 
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Thus, since limð-.o (
ðI - T)r-l = (
I - T)r-l in the uniform operator 
topology it follo\\ps from (iv) that 


lim f (t - 
ò)i+lR(
ò)E(dt) - 
ð-O ø(T) 


- f (tI - T)IE(dt) 
ø(T) 


\vhich establishes the equation (ix) for every j > 1n. N o\\P if S is the 
scalar part of T then 


o = f (tI - T)1nE(d
) = t ( m )f tm-rE(dt)(-T)r 
ø(T) r-O r ø(T) 
= t ( m ) sm-r(-T)r= (S- T)m= (-N)m, 
r=O r 


which shows that Nm = O. The fact that T is of type l1l-1 IS now 
evident. Q.E.D. 
The spectral theorem for a bounded selfadjoint operator T in 
Hilbert space folIo\vs fron1 Theorem 18. A \vell kno\vn and elementary 
argument shows that the spectrum is real and that the resolvent has 
first order rate of growth along vertical lines. This sho\,-s that the 
condition (G m ) is satisfied váth m = 1. Now, since \ X+y\2 = 1 xl 2 
+ 1 Y 1 2 for orthogonal vectors, to verify the condition (B) it \vill suffice 
to sho\v that x and yare orthogonal if their spectra are disjoint. In 
this case the function 


(R(X; T)x, y) = (x, R(X; T)y) = conj (R(X; T)y, x) 


the complex conjugate of (R(X; T)y, x), is analytic for XEEcr(x) and 
XEEcr(y). Since cr(y) is real and disjoint \vith cr(x) the function 
(R(À: T)x, y) = (X
y) + (T
: y) + . . . 


is every\\-here analytic and vanishes at infinity. Hence it is identically 
zero and the coefficient (x, y) = O. This verification of the condition 
(B) is due to Schwartz. Another one may be found in [12]. 
Another special case is useful in the discussion of the nonseIf- 
adjoint second order singular differential boundary value problems 
discussed by Neumark. Because of its special nature however, an 
independent proof, shorter than that of Theorem 18 is possible and 
will be given here. In this theorem the operator T has its spectrum 
in the smooth curve r 0 as described in the discussion of the growth 
condition (G). I t will not be necessary however to assume the growth 
condition as it will follow from the other assumptions. 
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THEORE
I 20. Let the operator T in the reflexive space I have its 
spectrum in the curve r o. In addition let xo, xo* be dense linear manifolds 
in the spaces I, I* respectively with the following three properties. 
(i) For Xo in Io and xo* in xo* there is a constant K (xo*, xo) with 


I xo* R(
(tJ ð); T)xo I < K(xt, xo), 
(ii) For each Xo in xo and xo* in 1 0 * the limits 
R+(À, xo*, xo) = lim xo* R(
(t, ð); T)xo, 
Ii -+0+ 


-1 < t, ð < 1, ð rÆ o. 


R-(X, xo*, xo) = lim x: R(
(t, ð); T)xo, 
ð-+O- 


exist for each point X = 
(t, 0) in r o. 
(iii) There is a constant .l1f depending only upon T such that 


f I R+(>', xt, xo) - R-(>., xt. xo) I ds < M I xo* II Xo I , 
ø(T) 


Xo Ex, xo* E I*, 


where s is the arc length on r o. 
Then T is a scalar type spectral operator whose spectral resolution is 
given by the formula 
xtE(u)xo = 
 f {R+(X, xo*, xo) - R-(X, xt, xo)}dX. 
. 21rt ø 


(iv) 


PROOF. Let ó > 0 and let f be single valued and analytic in a 
neighborhood of the annular region bounded bv the curves r lì and 
r -ð. Then 10 


jeT) = 
 [ f j(X)R(X; T)d'A - f j(X)R(X; T)dX ] , 
21r,t rð r-ð 


\,'here both integrals are taken in the positive sense. Then, in vie\v of 
the hypotheses (i) and (ii), this formula may be ,,"ritten as 
xtj(T)xo = 
 f j(X){R+(X, xo*, xo) - R-(X, xo*, xo)}dX, 
21rl r 0 
Xo E Io, xo* E 1 0 *, 
or, since the integrand vanishes if X is in the resolvent set, 


(v) 


xtj(T)xo = 
 f j(X) {R+(X, xo*, Xo) - R-(X, xo"", xo)} dX, 
21rt C1 ( T) 


Xo E Io, Xo* E Xo*. 
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In view of the hypothesis (iii) the right side of this equation (v) 
defines, for each bounded Borel function f on u(T), a continuous bi- 
linear form (f, xo*, xo) which, since xo and xo* are dense, has a unique 
extension to a bounded bilinear form (f, x*, x) defined for all x in x 
and x* in I*. Since I is reflexive it follows that there is a unique oper- 
ator J(T) in I for which (v) holds. The 111apping f
f(T) is a homo- 
morphisn1 on the algebra of analytic functions f and since every con- 
tinuous function on r 0 is the uniform limit of analytic functions it 
follows that this map is also a homomorphism on the algebra of con- 
tinuous functions. To see that it is a homomorphisln on the algebra 
of bounded Borel functions note that for a fixed continuous function 
g the set of all bounded Borel functions f for which 


(vi) 


(fg)(T) = f(T)g(T), 


includes all continuous functions. Furthermore, if the equation (vi) 
holds for each function in a uniformly bounded pointwise convergent 
sequence {fn} then it follo\vs from (v) that it holds for the limit func- 
tion J = lim f n. This shows that (vi) holds for every bounded Borel 
function J and every continuous function g. A repetition of this argu- 
ment sho\vs that it also holds if f and g are both bounded Borel func- 
tions. Thus the operators J(T) and geT) COlll111ute and also, as (v) 
shows, satisfy the inequality 


( vii) 


IJ(T) I < M sup I/(X) I. 
>.EU(T) 


These facts show that the operator E(u) defined by (iv) is a bounded 
spectral measure \vhich, in vie\v of the Orlicz-Pettis theorem, is 
countably additive in the strong operator topology. To see that E 
is a spectral resolution for T it will therefore be sufficient to sho\v that, 
for each Borel subset u of u(T), the spcctrun1 of the restriction 
TI E(u)I is contained in ü. For every 
EEü let the bounded Borel 
function r
 be defined by the equation r
(À) = (
- À)-lXu(À) \vhere Xu 
is the characteristic function of u. Then Yt(T) (
I - T) = E(u) which 
sho\vs that (TI E(u)I) C ü, and proves that T is a spectral operator. 
It follo\vs from (vii) that T is a scalar operator. Q.E.D. 


REFERENCES 
1. \V. G. Bade, Unbounded spectl'al opel'ators, Pacific J. lVlath. vol. 4 (1954) pp. 
373-392. 
2. , Weak and strong limits of spectral operators, Pacific J. l\lath vol. 4 
(1954) pp. 393-413. 
3. , On Boolean algebras of projections and algebl'as of operators, Trans. 
Amer. Math. Soc. vol. 80 (1955) pp. 345-360. 



195 8 ] 


A SURVEY OF THE THEORY OF SPECTRAL OPERATORS 


273 


4. , A multiplicity theory for Boolean algebras of projections in Banach 
sþacps, O.X.R. Technical Report Xo. 18, University of California, 13erkeley, Calif., 
1958. 
5. G. D. Birkhoff, Boundary value and expansion problems of orainary linear differ- 
ential equations, Trans. Amer. l\lath. Soc. yol. 9 (1908) pp. 373-395. 
6. J. Dieudonné, Sur la theorie spectrale, J. 
Tath. Pures Appl. (9) vol. 35 (1956 1 
pp. 175-187. 
7. X. Dunford, Spectral theory, Bull. Amer. l\Iath. Soc. vol. -1-9 (1943) pp. 637- 
651. 
8. , Spectral theory I. Convergence to projections, Trans. Amer. l\lath. Soc. 
vol. 54 (1943) pp. 185-217. 
9. , Spectral theory in abstract spaces and Banach algebras, Proc. Symposium 
on Spectral Theory and Differential Problems, 1951, pp. 1-65. 
10. , Spectral theory, ibid., 1951, pp. 203-208. 
11. , The reduction problem in spectral theory, Proceedings of the Inter- 
national Congress of :'.lathematicians, Cambridge, :\fass., 1950, vo1. 2 (1952) pp. 115- 
122. 
12. , Spectral theory II. Resolutions of the identity, Pacific J. l\lath. yol. 2 
(195
) pp. 559-614. 
13. , Spectral operators, Pacific J. 
Iath. vol. 4 (1954) pp. 321-354. 
14. X. Dunford and J. T. Schwartz, Linear operators, Part I, General theory, Inter- 
science Publishers, N"ew York, 1958. 
15. , Linear operators, Part II. Spectral theory (to be published by Inter- 
science Publishers.) 
16. S. R. Foguel, Sums and þroducts of commuting spectral oþerators, Ark. 
!at. 
(1957) pp. 449-461. 
17. , The relations bet'l.I..'een a spectral operator and its scalar þart (to appear 
in the Pacific J. 
Iath.). 
18. , J\Tormal operators of finite multiPlicity (to appear in Comma Pure 
Appl. l\1ath.). 
19. , A perturbation theorem for spectral operators (to appear in Comma 
Pure ,App1. l\;!ath.). 
20. 1. Fredholm, Sur 'line classe d'equations fonctionnelles, Acta l\ìath. vol. 27 
(1903) pp. 365-390. 
21. K. O. Friedrichs, On the perturbation of cont-inuous spectra, Comma Pure Appl. 
i\.lath. vol. 1 (1948) pp. 361-406. 
22. T. H. Hildebrandt, Über 'Vollstetige lineare Tra1tsformationen, Acta :\lath. 
vol. 51 (1928) pp. 311-318. 
23. S. Kakutani, A n example concerning u11ifonn bound('dness of spectral measures, 
Pacific J. :\Iath. vol. 4 (1954) pp. 363-372. 
24. H. P. Kramer, Perturbation of differential operators, Pacific J. 11ath. yol. 7 
(1957) pp. 1405-1434. 
25. E. R. Lorch, Bicontinuo1ts linear transformations in certain vector spaces, Bull. 
Amer. l\Iath. Soc. vol. 45 (1939) pp. 564-569. 
26. G. \V. 1Iackey, Commutatit'e Banach algebras, l\Iimeographed lecture notes, 
Harvard Cniversity, 1952. 
27. J. ?\Ioser, Störungstheorie des kont-in1lierlichen Spektru11lsfiir geu'öhnliche Differ- 
entialgleichungen zu'eiter Ordnung, !\fath. Ann. yol. 125 (1953) pp. 366-393. 
28. l\!. A. Keumark, Investigation of the spectrum and expansion in eigenfunctions 
of singular nonselfadjoint differential oþerators of the second orda, Uspehi l\lat. 



274 


NELSON DUNFORD 


Nauk (N.S.) vol. 8 no. 4 (56) (1953) pp. 174-175 (Russian), l\Iath. Rev. vol. 15 
(1954) p. 530. 
29. , On expansion in characteristic functions of non-self-adjoint singular 
differential operators of the second order, Dokl. Akad. Nauk SSSR vol. 89 (1953) 
pp. 213-216 (Russian), l\Iath. Rev. vol. 15 (1954) p. 33. 
30. , Investigation of the spectrum and the expansion in eigenfunctions of a 
non-self-adjoint operator of the second order on a series-axis, Trudy l\loskov. l\Iat. 
Obsc. yol. 3 (1954) pp. 181-270 (Russian), l\lath. Rev. vol. 15 (1954) p. 959. 
31. B. J. Pettis, On integration in vector spaces, Trans. Amer. l\1ath. Soc. vol. 44 
(1938) pp. 277-304. 
32. F. Riesz, Über lineare Funktionalgleichungen, Acta lVlath. vol. 41 (1918) pp. 
71-98. 
33. J. Schauder, Über lineare, vollstetige Funktional-operationen, Studia 1\lath. vol. 
2 (1930) pp. 183-196. 
34. J. T. Schwartz, Perturbations of spectral operators, and applications. I, Pacific 
J. l\Iath. vol. 4 (1954) pp. 415-458. 
35. , Two perturbation formulae, Comma Pure Appl. l\Iath. vol. 8 (1955) 
pp. 371-376. 
36. D. R. Smart, Eigenfunction expansions in Lp and C (to appear in Illinois J. 
l\Iath.). 
37. J. \Yermer, Commuting spectral measures on Hilbert space, Pacific J. Math. 
vol. 4 (1954) pp. 355-361. 
38. , On restrictions of operators, Proc. Amer. l\Iath. Soc. vol. 4 (1953) pp. 
860-865. 


YALE UNIVERSITY 



RESEARCH ANNOUNCEMENTS 


The purpose of this department is to provide early announcement of significant 
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giving complete proofs of results of exceptional interest are also solicited. 


OUTLINE OF AN ALGORITHM FOR INTEGER 
SOLUTIONS TO LINEAR PROGRAMS 


BY RALPH E. GO
IORyl 
Communicated by A. \Y. Tucker, l\Iay 3, 1958 
The problem of obtaining the best integer solution to a linear pro- 
gram comes up in several contexts. The connection \\ ith combina- 
torial problems is given by Dantzig in [1], the connection \vith prob- 
lems involving economies of scale is given by 1\1arko\vitz and l\Ianne 
[3] in a paper \vhich also contains an interesting example of the effect 
of discrete variables on a scheduling problem. Also Dreyfus [4] has 
discussed the role played by the requirement of discreteness of vari- 
ables in limiting the range of problems amenable to linear prograln- 
ming techniques. 
I t is the purpose of this note to outline a finite algorithm for ob- 
taining integer solutions to linear programs. The algorithm has been 
programmed successfully on an E10l computer and used to run off 
the integer solution to small (seven or less variables) linear programs 
completely automatically. 
The algorithm closely resembles the procedures already used by 
Dantzig, Fulkerson and Johnson [2], and l\Iarkov:itz and l\lanne [3] 
to obtain solutions to discrete variable programming problems. Their 
procedure is essentially this. Given the linear program, first maximize 
the objective function using the simplex method, then examine the 
solution. If the solution is not in integers, ingenuity is used to formu- 
late a ne\v constraint that can be sho\vn to be satisfied by the still 
unkno\vn integer solution but not by the noninteger solution already 
attained. This additional constraint is added to the original ones, the 
solution already attained becomes nonfeasible, and a ne\v maximum 
satisfying the ne,,- constraint is sought. This process is repeated until 
an integer maximum is obtained, or until some argument sho\vs that 
a nearby integer point is optimal. \Vhat has been needed to transform 
this procedure in to an algorithm is a systematic method for generating 
1 This work has been supported in part by the Princeton-IB
I l\lathematics Re- 
search Project. 
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the new constraints. A proof that the ll1ethod will give the integer 
solution in a finite number of steps is also important. This note ,viII 
describe an automatic method of generating ne\v constraints. The 
proof of the finiteness of the process will be given separately. 
Let us suppose that the original inequalities of the linear program 
have been replaced by equalities in nonnegative variables, so that the 
problem is to find nonnegative integers, 'W, XI, . . . , X m , t l , . . . , t ft , 
satisfying- 


(1) 


w - ao,O + ao,l( - 11) 
Xl - aI,O + al,l( - 11) 


. ao,n( - In), 
. . a I, n ( - t n ) , 


X m = am,O + am,I( -tl) . . . am,n( -tn) 
such that 'ltJ is maximal. Using the method of pivot choice given by 
the simplex (or dual simplex) method, successive pivots result in 
leading the above array into the standard simplex form, 


I I I I I 
W - ao,O + aO,I( - t I ) . ao,n( -in), 
I I I I 
Xl - aI,O + . al,n( -tn), 
(2) 
I I I I 
X m = am,o+ . . . am,n( - in) 


,vhere the primed variables are a rearrangen1ent of the original vari- 
ables and the a
,j and a
,o are nonnegative. From this array the sim- 
I I . I 0 ' I' d 
p ex so utlon t j = , Xi = at ,0 IS rea out. 
An additional constraint can no,v be formulated. The constraint 
which will be generated is not unique, but is one of a large class that 
can be produced by a more systell1a tic version of the follo\ving pro- 
cedure. 
If the a
,o are not all integers, select some io 'with a:o,o noninteger, 
and introduce the ne,v variable 


(3) 


i=n 
I "'"' I I 
SI = - fio,o - L...J fio,j( - tj) 
j=I 


,vhere ffo,j=a:o,j-n:o,j, ,vith n:o'i the largest integer < aIo,j. This ne,v 
equation is added to the Equations (2), obtaining a ne,v set which 
will be referred to as (2*). A feasible solution to (2*) is a vector, 
w', xi, . . . , x
, ti, . . . , t,{, S1 of nonnegative components. The 
values of xi, . . . , X
IJ ii, . . . , t,{ determine the SI value through 
(3), so there is a natural correspondence bet,veen a solution 
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xl , . X
, tf, . . . , t': of (2) and the (not necessarily feasible) 
solution that these values determine for (2*). Clearly any feasible 
solution to (2*) determines a feasible solution to the equations (2) 
simply by dropping the Sl. 
It should be noted that if 1.0. 0 is 
O, then there is at least one 
f1.0.j
O. ,,'ith j
O, othenvise the equation 


j=n 
, , "'"' I I 
Xio = Oio.O + L.J Oio.ï< - ti) 
j-=1 


can have no solution in integers, and the program has no integer 
solution. 
Since the simplex solution to (2), tf =0, xl =a
.o determines, 
through Equation (3), a negative value, -fio.O for SI, the correspond- 
ing solution to (2*) is not feasible, i.e. the new restraint cuts off the 
old maximum. Ho\,"ever, any nonnegative integer solution to (2) does 
give rise to a nonnegative integer solution to the equations (2*). 
T th ' 11 II " t " t 11 . I . 
o see IS suppose w ,Xl , . . . , X m , 1 , . . . , n IS any so uhon 
in nonnegative integers to (2). The sl' determined is 


j=n 
" I '"" " 
SI = - /.0.0 - L.J /'o,j( - Ij ) 
j=1 


j=n 
I 
' " 
- llio.O + L.J 1Zio,j( -Ij ) 
j=1 


n 
I '"' I II 
aio.O - L.J aio,j( - tj ) 
1=1 


\yhich using (2) becolnes sf' = n
o,o+ L:7=1 11
,l-tf') -x:
. Since the 
ll: c ,jr the tf' and the x:; are all integers, the sf' detennined is also an 
integer. Furthermore, since the 1: 0 .1 and the tf' are all nonnegative, 
(3) sho,,"s that si' is > - f
,o > -1. Since sf' is an integer, this sho\\ys 
it must be nonnegative. 
This reasoning establishes a one-one correspondence bet\veen non- 
negative integer solutions w", xl', . . . , x:':, tf', . . . , t':' to (2) and 
the corresponding nonnegative integer solutions w", xf', . . . , x:;, 
tt', . . . , t':' , s{' to (2*). Since the w value is the same for both solu- 
tions, the problem of n1aximizing 'lv over nonnegative integer solu- 
tions to (2) can be replaced by the problem of maximizing 'W over 
the nonnegative integer solutions to (2*). The solution to the original 
problem is obtained by dropping the SI. 
The procedure no\v is to n1aximize w over the solutions to (2*). 
1'his is done using the dual simplex method because all the a
.1 and 
a:,o are already nonnegative, and - fio.O is the only negative entry 
in the zero column of the equations (2 *). This fact usually makes 
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remaximization quite rapid. The process is then repeated if the new 
sim plex maxim um is nonin teger. 
Of course the Equations (2 *) involve one n10re equation than the 
Equations (2), and an equation is added after each remaximization. 
However, the total number need never exceed m+n+2. For if an 
s-variable, added earlier in the computation reappears among the 
variables on the left hand side of the equations after son1e remaxi- 
111ization, the equation involving it can simply be dropped, as the 
only equations that need be satisfied are the original ones. This limits 
the total number of s-variables to n+ 1 or less. 
I t should be noted that even the process just described involves an 
element of choice, any of the rO'ws i of (2) ",-ith ai,O noninteger might 
be chosen to generate the ne\\- relation. Some choices are better than 
others. A good rule of thumb based on the idea of "cutting" as deeply 
as possible with the new relation, and borne out by limited computa- 
tional experience, is to choose the row with the largest fractional 
part fi,O in the zero column. 
The class of possible additional constraints is not limited to those 
produced by the 111ethod described here since it is easily seen that 
some simple operations on and bet,veen rows preserve the properties 
needed in the additional relations. These operations can be used to 
produce systematically a family of additional relations from which a 
particularly effective cut or cuts can be selected. A discussion of this 
class of possible additional constraints together ,vith a rule of choice 
of row 'which can be shown to bring the process to an end in a finite 
number of steps-thus providing a finite algorithm-require some 
space and ,viII be given as part of a more complete treatment in 
another place. 
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ON THE NONEXISTENCE OF ELEMENTS OF HOPF 
INVARIANT ONE 


BY J. F. ADA
IS 
Communicated by S. Eilenberg, April 29, 1958 
\Vith the usual definitions of homotopy-theory, \ve have the fol- 
10\\Ting theorem. 
THEOREM 1. (a) Sn-l is not an H-space unless n = 2, 4, or 8. 
(b) There is no element of HoPf invariant one in '7r2n_l(Sn) unless 
n = 2, 4, or 8. 
For the context of this question, see [5] (especially pp. 436-438), 
[4, Chapter \'1] and [6, 

20, 21]. 
This theorem results from reasonings \vith secondary cohomology 
operations. It is generally understood that a secondary operation 
corresponds to a relation bet\veen primary operations. One may 
forn1alize the notion of a "relation" by introducing pairs (d, z), alge- 
braic in nature, as folIo\vs. 
Let p be a prime; let A be the Steenrod algebra [2, p. 43] over 
Zp. One defines the notion of a graded left module J[ over the graded 
algebra A so that JI = Lq JI q and Aq..lllrC.Jl q + r . For example, let us 
\vrite Hq(X) for Hq(X; Zp), H*(X) for Lq Hq(X; Zp) and H+(X) for 
Lq>o Hq(X; Zp); then lI*(X) and H+(X) are graded left modules 
over A. Let JI, lV be such modules; one defines the notion of an 
A-map f: l.! 
N of degree r so that f(Jl q ) C.lV q + r . 
_"- pair (d, z), then, is to have the follo\\Ting nature. The first entry 
d is to be an A-map d: CI
CO of degree zero. Here Co, C 1 are to be 
modules in the above sense; we require, moreover, that they are 
locally finitely-generated and free, and that (Ci)q = 0 if q < i (i = 0, 1). 
The second en try z is to be a homogeneous elen1en t of Ker d. 
Let (d, z), then, be a pair of this sort. \Ve call CÞ a stable secondary 
cohomology operation associated \vith (d, z), if it satisfies the fol- 
lo\ving axioms. 
AXIO
I (1). <Þ(E) is defined for each A-map E: Co
H+(X) of degree 
m > 1 and such that Ed = O. 
Such a n1ap E is determined by its values on the elements of an 
A-base of Co. It therefore corresponds to a set of elements of H+(X). 
I n particular, if Co is free on one given generator c, \ye \vrite u = EC; 
\\Te n1ay thus consider <Þ as a function of one variable u, \yhere u runs 
over a subset of H+(X). In this case \ve \vrite <Þ(u) for <Þ(E). 
For the next axiom, set deg(z)=n+1, letf: Cl
H+(X) run over 
279 
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the A-maps of degree (1n-l), and let (r+n(d, z; X) be the set of 
elements of the form fz. 
AXIO:\I (2). ëþ(e) EHm+n(X)/Qm+n(d, z; X). 
For the next axion1, let g: Y
X be a map. 
AXIO
1 (3). g*<I>(e) = cI>(g*e). 
For the next axiom, let (
Y, Y) be a pair, and let e: Co
II+(X) be a 
map of degree m > 1 such that ed = 0 and i*e = o. vVe can now form 
the follo,ving diagram. 
i* j* ö i* 
H+( Y) 
 H+(X
r
' 
 :
+r) 
 H+(X) 
Co ( C 1 
AXIO
1 (4). i*<I>(e) = {rz} n10d i*Qm+n(d, z; X). 
For the next axiom, let SX be the suspension of )(, and let 
u: H+(X)
H+(SX) be the suspension isomorphism. Let e be as above. 
AXIOM (5). u<I>(e) = cI>(ue). 
THEOREM 2. Given any pair (d, z) (as above), there is at least one 
stable secondary cohonzology operation cþ associated with it (in the sense 
of the axioms above). 
This theorem is proved by the nlethod of the universal exalnple. 
The next theorem allows us to study the operations cþ by applying 
homological algebra (see [3]) to the pairs (d, z). 
THEOREM 3. (a) If cI>, cþ' are two operations associated with the sarnc 
pair (d, z) then there is an element c in (C o / dC1)n such that 
<Þ (e) - cþ' ( e) = {ec}. 
(b) Suppose given d (as above), elements Zl in !{er d, and operations 
<I>t associated with the pairs (d, Zt). Suppose z = L:l a,Zt (atEA). Then 
there is an operation <I> associated with (d, z) such that 
L: atCÞt(e) = {CÞ(e)} n10d 2: GtQm+nt(d, Zt; 
Y). 
t t 


(c) Suppose given a diagram 


1nl 
Cl
C{ 


d 1 1 d' 
mo 
Co
 CÓ 
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in which d, d' are as above, and mo, ml are A-maps of degree zeTO. Let <Þ 
be an operation associated with a paiT (d, z). Then there is an operation 
cþ' associated with (d', mlz) suck that 
<I>(E'mo) = {<I>' (E') } 
for each E': Cri -..:;H+(X) of the sort considered above. 
One may sho\v that for operations in one variable, there is a Cartan 
formula for expanding CÞ(uv), \\.here uv is a cup-product. 
\Ye no,,- take p = 2. \Ye also omit to summarize son1e \vork \vith 
homological algebra. This ".ork leads us to consider certain pairs 
(d, z). By applying Theoren1 2, we obtain secondary operations CÞi,j(U) 
for O
i
j,j
i+1. The operation <Þj,j(u) is of degree 2i+2i-l, and 
it is defined on classes u such that Sq2r(u) =0 for 0 
 T < j. 
Let P be complex projective space of infinitely-many din1ensioni, 
and let y be a generator of H2(P) (by ,,-hich \ve mean H2(P; Z2)). \Ve 
n1ay ask for the values of the operations <Þi,j in H*(P). X 0"., CÞi,j(yr) 
is defined only if r = 0 and mod 2 i . 
Ioreover, the degree of tPi.j is odd 
unless i=O and j>O; so that <Þí.j(yr) lies in a zero group unless i=O 
and j> o. I t remains only to consider <Þo,j(yn2i); this is defined n10dulo 
zero. 


l'HEORE
1 4. 


<Þo,j(yn
) = nyCn+1/2)2' (mod zero). 
Tn the proof of this theorem \ve n1ake essential use of a formula for 
the con1posite operation <Þo.jS q 2 i. This formula is proved by apply- 
ing Theoren1 3. 
THEORE
I 5. For each k > 3 we have a formula 
L ai.i,k<Þi,j(U) = Sq2"+1 (u) 
i,j;i
k 


(mod Q). 


The fonnula is valid on classes u such that Sq2r(u) =0 for 0 < r
k, 
and holds modulo a certain subgroup Q. It is proved as follo\\"s. By 
applying Theorem 3, \\-e obtain a forn1ula 
1: Oi,i,k<Þi,j(U) = XS q -f+1 (u) (mod Q) 
i,i;i
k 


in \vhich ai,i,lcEA, and the coefficient X remains to be determined. 
,Applying the formula to a suitable class u in H*(P), \\-e determine 
X=1. 
To prove Theoren1 1, it is sufficient to prove it for the case n = 2 m . 
1'his case follo,ys immediately fron1 Theorem 5, using the same 
argument as that used by..>\dem [1, 
4] in the case n
2'". 
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ON RAPIDLY MIXING TRANSFORMATIONS AND AN 
APPLICATION TO CONTINUED FRACTIONS 


BY 
1. IC\C 1 AXD HARRY KESTEN 
Communicated June 30, 1958; revised Juiy 31, 1958 
1. Let n be a measure space (of total measure 1) and let T be a 
n1easure preserving transformation in the sense that 


(1.1) 



{r-l(A)} = 
{A}, 


\\"here T-l(A) denotes the inverse image of A (\ve do not assume that 
T is necessarily one-to-one). 
Let 


(1.2) 


yew) 


_ { I, 
0, 


CJJ E B, 
CJJ EE B, 


and consider 


(1.3) 


n 
L V(Pw). 
k-l 


It \vill be our purpose to sketch a proof of the theorem that under 
a suitable condition on T the "conditional" measure 


(1.4) 


! t V(Tkw) 
1
1 { } 

 -p.B 
n 
J.Lt B} 


a 
<-, 
n 1/2 


WEB] 


approaches as n tends to infinity 


(1.5) 


1 f a 
e-U'ZJ ( 2q 2) du, 
0'(211'-) 1/2 -co 


"here (J" is, in general, not kno\vn explicitly. 
The condition to be imposed on T is that of "exponentially rapid 
mixing" and can be stated as follo\vs: 
I f II and V,n are defined by 
{ } _ III A n B} 
v 4 - IJ.{ B} , 


v", { A} - 


p.{ A (\ B n ]'-mB} 
IJ.tB n ]'-mB} 


1 This research was sUf)ported bv the United States Air Force under contract 
:'\0. AF 18(600)-685 monitored by the Office of Scientific Research. 
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then for every measurable set A 


I v { T-k A} - p { T-k A} I = I v { T-k A} - p { A} I :::;; H e-ek p { A }, 
(1.6) 
I Jl m { T-kA} - p{ A} I < H,ne-ekp{ A}. 


E>Ü is an absolute constant, but Hm may vary with m. 
This condition may seem more severe than Bernstein's (Math. 
Ann. vol. 97 (1927) pp. 1-59), but Bernstein's conditions would ask 
for a "uniformly rapid" decrease of all expressions 


I P{T-k A f\Blf\...nBm} I 
- Il{ A} 
p { B 1 f\ . . . n Bm} 


where each B,=B or Q-B. 


2. Let JI be defined as follows: 


(2.1) 


peA f\ B) 
v(A) = , 
pCB) 


where B is a fixed set of positive n1easure. We set 


(2.2) 


(1) 
(
)P,. == 


f V(Tkw) exp ( --u Ë V(Tr w ) ) dv 
D T=k+l 
I g V(Tkw)dv 
f (1 - V(Tkw)) exp ( --u Ë V(Tr w ) ) dv 
n r=k+l 
I g (1 - V(Tkw))dv 


(2.3) 


(2) 
(k)P ft = 


(with the obvious convention Po = 1) and 


(2.4) 


00 
(q) "" (q) n 
Sk = 
 (k)P n Z , 
n=O 


q = 1, 2. 


Setting also 
B(l) = B, 


B(2) = n - B 


VO) = 1, 


V(2) = 0 


we verify by an immediate calculation that 
( q) 
(2.5) L v{ T- k (B(q)) }s1 q ) = 1 + Z L e- uv v{ T-(k+l) (B(q)) }S

l' 
q q 



I ; 


R:\PIDL Y \IJXD;G TR.

SFOR
L\ TIOXS 


'I\
 


\\ here {T-t(B())} SI; ;... taken to be ze 0 'wheneve- t T-I: ..B v) } = o. 

Iulciplyin both 5id
 of (2. -) by - and 
.. in on ro 
 0 to x 
",-e obtain 


(1.6) 


S 1) = 


1 
- (1- 
1- ... 


x 
L {T-i(B(1))}S:n:;. 
t=l 


I t 
!lould, of cOU,:-.:x. be remembe. ed that S depends on = and . Drop- 
pin the S!.!pe"'5Cript 1 \ve se... s.ctti:-. 


x 
(2. ï) Q(: = L {T-i(B} (SA: - S ... J 


-I 


s = 


1 
(1-:> [ 11(1- -->i: {T- B)}. ] 
k-I 
(1 - _)(1 - 
}Q :) 
(1 - -) r 1 - (1 - --) t {I-I- B }:; 


2. ) 


3. Let u
 expand (1 - - )(1 - =)Q:; in a po",-e - _ri
 


3.1 


x 
(1 - --}(l - : Q(:;. = I: .. r 
:- 


recall that (2.7 " nOL a po\\e- 5 -:e5 '\. s;on ot Q -ince the S, 
themseh e<:: depend on = and let us also write 


(1 - - [1 


1 
(1 - -..> É {T-k(B } - ] 


x 
= L oJ, .:.... 


1 ") 
J._ 


From _.8) Vie ha, e compari(\
 coefficients 


exp( - L 1 (T >) 


p - 


3.3 




 ( - 
 r 
_\ 
.....1 
_{B} 


->) 


- .; 
- . 


IE 


" 


-r 


:a 


1"'= 


and hence _ ttin
 


! 
, 
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(3.4) 


f exp ( 
 [ t V(Trw) - nJL{B} ]) d JL 
B n 1/2 1 
JL{B} 
( it ) 
- e-i
J.&(B}nl/2 ß -- 
n n 1/2 


11 2 L: n ( it ) ( it ) 
+ e-i
J.&tB}n 'V -- ß _ --. 
H 1/2 n r 1/2 
r-l n n 


4. From condition (1.6) it follows immediately that 
00 JL{B}z 
(4.1) L: v{ T-k(B)} Zk = + R(z), 
k-l I - z 
where R(z) is analytic for I zl < I +E. 
I t is now quite easily sho,vn that 
lim e-i
J.I(BJnI/2ßn ( _ it ) = e-q'J.
2/2, 
n- co n 1/2 


( 4. 2) 


where 


(4.3) 


u 2 = JL{ B} [1 - JL{ B} ] + 2IL{ B} R(I). 


I t is harder to prove that 
(4.4) lim n sup l 1'r ( - it )1 = 0, 
n-co 1
'
" n 1/2 


but once this is done one gets from (3.4) and (4.2) that 


( 4. 5) 


f exp ( ::2 [ t V(Tkw) - n,.{B}])dl' 
I . B 1 _ 'J. t 'J. /2 
1m = e q 
 
,,-co JL{B} 


and the theorem announced in 
1 follows. 
It should be pointed out that in proving (4.4) one has to apply 
(1. 6) to all JIm. 
5. The general theorem of this note was motivated by an applica- 
tion to continued fractions. 
In this case Q is the interval [0, I] and the invariant measure 


(5.1) 


JL(A) = 
 J dx . 
log 2 Å 1 + x 
The transformation Tx in question is given by the formula 
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(5.2) 


Tx = : - [ : ] 


and the crucial property (1.6) w"as proved by Paul Lévy [1 J_ 
Our result is thus that the number of times a specified digit occurs 
among the first n digits in a continued fraction is asymptotically nor- 
mally distributed. 
The method used in proving our main result was suggested by the 
occupation tin1e problem for !\Iarkoff chains. The fuller discussion of 
this connection as ,veIl as that of a number of related results ".ill ap- 
pear else\vhere. 
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REPRESENTATION OF ABSTRACT RIESZ POTENTIALS 
OF THE ELLIPTIC TYPE 


BY A. V. BALAKRISHNAN 
Communicated by Einar Hille, June 13, 1958 
Using semigroup theory we are able to obtain an abstract definition 
of the Riesz potentials of the elliptic type as closed linear operators, 
as "Tell as a representation for them without using continuation. 
Let 


T(
), 
 = (
l, 
2, . . . , 
n)' - 00 < 
k < 00, 


be an n-parameter group (strongly continuous) of endomorphisms 
over a B-space X. Let 


n 
T(
r = II Tk(
k), 
k=-l 


each Tk(
k) being a strongly continuous one-parameter group with 
infinitesimal generator Ak. Let 


n n 
C = L L ai;AiAj, 
{:M i=1 ;=1 


where the matrix [aii] is real symmetric and positive definite. Then 
C is the infinitesimal generator of a one-parameter strongly continu- 
ous semigroup S(t), 0 <t, and further sup IIS(t)1I < 00. 1\o"r, in some 
previous work the author has shown that in such a case it is possible 
to define (- C)a, Re a>O, as closed linear operators, interpolating 
integral powers and having the semigroup property in a. l\loreover, 
they have an explicit representation as Bochner integrals in terms of 
S(t), which for O<Re a<I, is 


( - C) ax = 1 f 
 [S(t) x - X ]t-a-1dt, 
r( -0:) 0 
for xED(C). Next, to simplify the notation, let 


(1) 


n 2 
C = L Ai. 
i=-1 


Then for every xEX, 


(2) 


S(t)x = 1 f T(t)x exp [ - t t:/ 4I J dtl . . . d
n. 
(2 (7rI) 1/2)n En 1 
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The Riesz potentials are obtained by substituting (2) into (1). Thus: 
( - C)ax = 4 a r(a + n12) f [T(
)x + T( - 
)x - 2x] I 
 1-2a-ndV
 
1f"n/2r( -a) E
 


\vhere 


En is the 2 n -ant in which 
k > 0 for all k, 
I 
 I = [ 
 
 + . . . + 

] 1/2, 
dV
 is the n-dimensional volume element. 
\Vith slight modification it is possible to ,vrite this as: 
4 a r(a + n12) f 
(-C)ax = r""r( -a)(n + 2a _ 1) E-:; [T(E) - T( -
)] 
. [ 
 
kAkX ] I 
 1-.<<-ndVE. 


where the integral is to be taken in the Cauchy sense at infinity. In 
this latter form, for a = 1/2 for instance, \ve get an abstract version of 
the conjugate transform in Lp(E n ) spaces in its usual representation. 
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ABSTRACT CAUCHY PROBLEMS OF THE 
ELLIPTIC TYPE 


BY A. V. BALAKRISHNAN 
Communicated by Einar Hille, June 13, 1958 
Let A be the infinitesimal generator of a strongly continuous one- 
parameter semigroup T(
), 0 <
, of endomorph isms over a B-space X. 
Suppose it is required to find a function u(t), 0 <t, with values in X 
such that: 
(i) u(t), ul(t), . . . , un-let) are absolutely continuous, uk(t) being 
the derivative of uk-let). 
(ii) un(t) = (-l)n+IAu(t). 
(iii) lIuk(t)-ukll
O,ast
O+,k=O,... ,11,-1. 
We call this an abstract Cauchy problem of the elliptic type (ACPE n ). 
We prove: 
THEOREM 1. The A CP En has at most one solution provided 


.r "'II T(
)lIt'-ld
 < cL) for every u > O. 
THEOREM 2. Let 11, = 2. Let the semi-group T(
) satisfy HI and let u(t) 
be any solution of the A CP E 2 such that 
(H 2 ) lim sup t- 1 Log /I u(t)11 
 O. 
t_OG 


(HI) 


Then necessarily 


(1) u(t) = (t/21r1l2) fo '" T(
)uot3/2 exp (-t2/4
)d
. 


A slightly different but useful version of Theorem 2 is: 
THEOREM 3. Let 11, = 2. Let the semi-group T(
) satisfy HI. Let u(t), 
t>O, satisfy (i), (ii), but (iiia) below in place of (iii) 
(iiia) 1/ u(t) - uo/l 
 0 as t 
 0+. 
Then, if u(t) satisfies H 2 in addition, u(t) is again determined by (1). 
Moreover, if 1/ T(
)/I
O as 

 00, then any such u(t) has a similar 
property, viz.: 


IIu(t)/i 
 0, as t 
 00. 


Results similar in principle have been obtained for other values of 
n. 
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As an application of these results we may consider the elliptic 
equation: 


ð 2 ð 2 ð 
- u(t, x) + a(x) - u(t, x) + b(x) - u(t, x) = 0, 
ðt 2 ðx 2 ðx 
where the functions u(t, .) are to lie in C[a, ß], - 00 < a <ß < w, 
a(x), b(x) are continuous and a(x) > O. I t suffices to consider the 
Fokker-Planck equation 


(2) 


(3) 


ð a 2 a 
- u(t, x) = a(x) - u(t, x) + b(x) - u(t, x). 
at ðx 2 ax 


However, lateral conditions for semigroup solutions of (3) have been 
given by Feller and Hille. Theorem 3 thus yields, in particular, a 
corresponding result on the global boundedness of the solutions of 
(2) (the generalized Phragmén-Lindelöf principle of P. Lax) some- 
\vhat more general than obtained hitherto in that conditions on a(x) 
and b(x) are milder, being enough to insure semigroup solutions 
of (3). 
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THE JUNE MEETING AT CORVALLIS 


The five hundred and forty-seventh meeting of the American 
l\Ilathematical Society was held at Oregon State College in Corvallis, 
Oregon, on Saturday, June 21, 1958. There was a meeting of the 
Mathematical Association of America on Friday, June 20 and a 
meeting of the Society for Industrial and Applied Mathematics on 
Saturday afternoon. Among the 143 registrants at these meetings 
,vere 85 members of the Society. 
By invitation of the Committee to Select Hour Speakers for Far 
\Vestern Sectional Meetings, Professor Leo Sario of the University of 
California at Los Angeles addressed the Society Saturday morning on 
Problems on Riemann surfaces. I-Ie was introduced by Professor Ed- 
win Hewitt. 
There were three sessions for contributed papers with Professors 
R. A. Beaumont, Arthur Erdelyi and A. T. Lonseth presiding. Mr. 
Riggle was introduced by Professor Goheen, Mr. Hilzman by Pro- 
fessor Lonseth and Professor Schaefer by Professor Hacker. 
R. S. PIERCE, 
A cling A ssociate Secretary 
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J[athematische Statistik. By B. L. van der \Vaerden. Springer-Verlag, 
Berlin, Göttingen, Heidelberg, 1957. 9 +360 pp. D:\1 46. Bound 
DM 49.60. 


The aim of this book is clearly stated in the preface. Since his 
student days the author has been consulted on statistical questions 
arising from various fields of application. By reflection and study of 
the literature he has learned better and better methods to deal \vith 
them. These methods are to be presented \vith realistic examples 
taken from natural and social sciences. Thus it is hoped that the 
reader ,,,ill be spared some groping in the dark. 
The style of the book is set ,vith this object in view.. .A. concrete 
and practical problem is posed. I t is at once precisely and clearly 
formulated in mathematical terms. Frequently it is reduced to the 
calculation of a certain probability, that of the rejection of the null 
hypothesis "Then it is true. \Yhenever possible, the exact combina- 
torial solution is derived. .Approximations are then given, either by 
Stirling's formula or expansion in series. This is sometimes helped 
out by graphing, by tabulating, and by reports on actual computa- 
tions the author has undertaken. If a statistic is used in testing, its 
mean and variance are calculated and its asymptotic properties which 
are proved in the literature are cited. If a novel mathematical con- 
cept is involved, this is dragged out into the open and probed. \\Then 
several methods are available, their merits are compared theoretically 
and/or empirically. For instance, at the end of the book it is con- 
cluded that Spearman's rank correlation is to be preferred to the 
ne\\yer one of :\1. G. Kendall. 
This manner of proceeding makes it easy for the reader who \vishes 
to learn about a particular topic \vith dispatch or the general layman 
\vho is discouraged by dross and jargon. Further pedagogic devices 
are used to facilitate the use of the book: some repetitions are al- 
lo\ved to make for greater independence bet\veen the chapters; each 
chapter begins \vith a summary of the required preparation; an index 
of examples classified according to subject matter; an English vo- 
cabulary (a tribute to the British-..-\merican school \\yhich coined the 
statistical nomenclature). The informal, sometimes personal style also 
helps. On p. 175, e.g., there is the suggestion that the company, be- 
t\veen the choice of t\\'o statistics, may be more interested in saving 
money than improving its product. Read in German, ".here "money" 
is "Geld," I found this truism rather amusing. The mathematical level 
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is somewhat below that of Cramér's l\iathematical Methods of Sta- 
tistics. For example, most asymptotic results are stated without 
proof. The first few chapters, alternating probability background 
with statistical applications, instead of piling up all mathematical 
tools at the beginning, succeed in breaking the usual monotony. 
The contents will be given \vith a somewhat random sampling of 
particulars. Chapter 1, General foundations (with the subheading: 
"The study of this chapter is indispensable"). Of course it is the 
rigorous set-theoretic foundation that is given. Chapter 2, Probability 
and frequency: including test of the true p, hypergeometric distribu- 
tion, the chi-square test. Chapter 3, J.,[athematical tools: including 
orthogonal transformation, the beta and gamma functions. Chapter 
4, Empiric determination of distribution, mean and variance. This be- 
gins with a childhood reminiscence of picking 89 willow leaves to 
form a Quetelet curve; includes the recent result of Birnbaum and 
Tingey, a brief discussion of the Kolmogorov test, and references to 
the literature on order statistics. Chapter 5, Fourier integral and limit 
theorems. It is a good feature of the book that the second litnit theo- 
rem (convergence of moments), the usefulness of which is amply illus- 
trated both here and elsev/here, is given in addition to the Lévy- 
Cramér theorem. Chapter 6, Gauss's theory of errors and Student's test. 
Chapter 7, The method of least squares: with an example from the 
author's study of a Byzantine solar chart. Chapter 8, Estimation of 
unknown parameters: including the maximum likelihood method; 
Fréchet inequality (listed in the English vocabulary as Cramér- Rao, 
also as "information inequality"); sufficient statistic. Chapter 9, 
Evaluation of observed frequencies. Chapter 10, Bio-assay: including 
graphic methods and the recent stochastic approximation method of 
Robbins and Monro. Chapter 11, Testing hypothesis: including analy- 
sis of variance and the Neyman-Pearson theory. Chapter 12, Order 
tests. The Smirnov test is briefly discussed; \Vilcoxon's test and the 
author's X test are discussed at some length. Chapter 13, Correlation. 
Chapter 14, Tables. There are 13 covering 19 pages. 
One may of course question the choice of material. The emphasis on 
methods dealing \vith practical problems may have cut down the 
discussion of more stilted (and sometimes stultified) topics. It is ex- 
plicitly stated in the Preface that completeness is not striven for. 
"l\IIany important theories such as those of sequential tests, decision 
functions and stochastic processes are completely omitted." One may 
yet wonder if some brief introduction to these theories could not be 
included, leading from simple examples to some of the basic ideas 
behind them, with references to the literature for details, just as is 
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done for other topics favored in the book. I t would seem that some 
of the minor problems and methods included might gracefully make 
room for this. Even the utilitarian reader \vould have profited by 
some contact with these modern notions and been spared the labor 
of tackling the larger ,yorks to v.rhich the author deferred. 
The revie"rer takes exception to the remark on p. 98 that the strong 
la\v of large numbers "scarcely plays a role in mathematical statis- 
tics." This is like saying e.g. that Dedekind cut scarcely plays a role 
in numerical analysis (or dynamics). The point is, even if the strong 
la"r is meaningless in a final statistical statement it may ,veIl enter 
into an argument or proof \vhich is essential to the statistical conclu- 
sion, just as the real number system is surely at the back of many 
calculations although the IBl\1 machines yield nothing but terminat- 
ing decimals. To cite one concrete example, the asymptotic normality 
result mentioned on p. 220 has been recently extended (albeit slightly) 
by using convergence "rith probability one. 
Finally, irrelevantly but inevitably, a reader of Professor van der 
\Vaerden's ne\v book cannot help recalling his ,yell-kno\\rn volumes 
on J[oderne Algebra. The format is there complete "rith the graphic 
guide; the masterful exposition is there; and the various pedagogic 
devices mentioned above are there. If the total impression is different 
this is due more to the subject matter than to the treatment. l\'1athe- 
matical Statistics, being a branch of fiercely applied mathematics 
\\-ith a relatively short history, does not have nor perhaps even care 
for the idealism and formalism of Algebra. Indeed, the criteria of 
excellence are some\\-hat different in these t\\ro fields. Statistics is 
primarily concerned with utility, not beauty; nevertheless there is no 
lack of neat things in this volume, and a good deal more in the field, 
as there ah,rays ,,-ill be ,,-hen competent hands ,,'ork ,vith 1\.lathe- 
m a tics. 


I{. L. CHUNG 


Convexity. By H. G. Eggleston. Can1bridge Tracts in :\Iathematics 
and 
Iathematic'll Physics, no. 47, Cambridge University Press, 
1958. 8 + 136 pp. 54.00. 
This tract provides a brief and clear introduction to the theory of 
convex sets in En on an elementary level. It is not intended for the 
specialist, because it covers in the main only topics found in Bonnesen 
and Fenchel's Theorie der konvexen Körper. There are, of course, 
innovations in methods and proofs. As examples v.re mention the 
greater use of duality in Eft and the proof that the mixed volumes 
are non-negative. 
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The scope of the book will become apparent frolD a brief survey 
of its contents. After treating the basic notions like convex cover, 
supporting and separating planes, convex polyhedra (called poly- 
topes), the tract turns in Chapter 2 to Helly's and Carathéodøry's 
theorems, their interrelation and some generalizations. Convex func- 
tions, in particular distance and supporting functions folIo'" (Chap- 
ter 3). Then distance for convex sets, Blaschke's Selection Theorenl 
and the approximation of a convex set by polyhedra and regular con- 
vex sets are discussed. Chapter 5 deals ,vith linear and concave fam- 
ilies of convex sets, mixed volumes, Steiner's symmetrization, the 
Brunn-l\1inkowski theorem (Brunn is spelled as Brünn throughout), 
and Minkowski's inequalities. The more general inequalities of 
i\lexandrov-Fenchel are stated without proof. 
In Chapter 6 we find some extremal problems like the isoperi- 
nletric problem, and the relations between the inradius, circuD1radius 
and the diameter, also Besicovitch's result on the asymmetry of 
plane convex sets. Sets of constant width are the topic of the conclud- 
ing chapter. 
The book will well serve its purpose of providing an introduction 
to the field for "those starting research and for those working on 
other topics who feel the need to use and understand convexity." 
HERBERT BUSEMANN 


The numerical solution of two-point boundary problems in ordinary 
differential equations. By L. Fox. N ew York, Oxford University 
Press, 1957. 11 +371 pp. $9.60. 
If insistence on deductive reasoning is one of the characteristics of 
mathematics, the numerical solution of mathematical problems is not 
a branch of pure mathematics. In its methods and spirit it is more 
closely related to the applied sciences, in that incomplete induction 
based on experimental evidence is the ultimate criterion, even though 
a good measure of theoretical analysis is indispensable for guidance 
and interpretation. It is true that there are numerical procedures 
whose theory is so well understood that a result can be obtained 
which is safely embedded between double numerical inequalities. 
However, at this time, and for the forseeable future, the number of 
practically important problems in this comfortable class is, and will 
remain, depressingly small. A good specialist in the art of computa- 
tion should therefore be able to resist the mathematician in himt \\rho 
might lure him into the ideal realm of pure analysis, away from his 
concrete problems, without, on the other hand, losing the incentive 
of availing himself of all the mathematics, highbrow or lo\vbrow, 
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that can be put in the service of computation. 
The author of this book is steering a safe course bet,veen these 
two dangerous rocks, some,vhat closer, perhaps, to the second than 
to the first. He is steeped in the British tradition of Numerical .Analy- 
sis, which ,vas developed before the rise of high-speed computing 
machines. l\lost of the content of the book is applicable to machine 
computation as well, but, on the \vhole, more reliance is put on the 
facility of the human computer for quick scanning and flexible inde- 
pendent judgments than on speed of operation. 
The mode of presentation is so careful and leisurely that any con1- 
puter ,vith a bachelor's degree should find it easy reading. Every 
variant of procedure is illustrated by numerical examples ,vorked 
out in great detail. Also, many of the mathematical tools, such as 
the necessary facts about finite differences, the solution of linear 
algebraic systems and eigenvalue theory are fully explained, if not 
always proved. These features account for the surprising length of a 
book devoted to a rather special subject. 
A boundary value problem for differential equations can be solved 
either by replacing the full problem by a finite difference, i.e. a 
matrix, problem or by solving a suitable sequence of initial value 
problems at one point until the particular solution that also satisfies 
the conditions at the other end point has been approximated ,vith 
satisfactory accuracy. Both methods are explained, but much more 
space is devoted to the former. 
The author believes that the mesh length should ah,'ays be kept 
fairly large, and that the truncation error should be reduced by 
employing refined difference approximations. In order to cope ,vith 
the higher difference terms, he recommends that the first order ap- 
proximating equation be solved first, and that the higher correction 
terms be then introduced and taken care of by some iterative scheme. 
After t\\.o introductory chapters on Finite differences and The solu- 
l-Ïon of algebraic equations, the author turns to second order boundary 
value problems. Surprisingly, the author considers the solution of 
first order equations, v:hich are taken up next, a more subtle matter 
than the second order problems. The ne\v difficulties stem from the 
fact that the first approximating difference equations on ,vhich the 
calculations are based involve central differences over t\VO mesh 
lengths, and are therefore of second order. The extraneous solutions 
of the difference equation introduced in this manner may affect the 
stability of the procedure. Various techniques for controlling these 
unstable fluctuations are described in the book. 
Next, differential equations of higher order are discussed, as ""ell 
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as systems of equations. After that, there is a long chapter on eigen- 
value problems. The presentation becomes more condensed in the 
following chapter devoted to Initial value techniques for boundary- 
value problems. 
A special chapter deals with the accuracy of proced ures in trod uced 
previously. In vie\v of the difficulty of this subject the conclusions 
here are largely qualitative statements supported by many numerical 
exalnples. In the final chapter several topics are touched upon very 
briefly, such as discontinuous coefficients, Richardson's deferred ap- 
proach to the limit, collocation, nonlinear eigenvalue problems, etc. 
Inasmuch as computation is an art rather than a science it cannot 
be taught systematically. This book tries to transmit some of the 
skill, flexibility and flair which a good computer needs in addition to 
a knowledge of the standard methods. Such a mode of presentation 
tends to make a book somewhat repetitious and a little exhausting 
for consecutive reading. This is unavoidable and is not meant as a 
criticism. Once the reader has become familiar \vith the basic tech- 
niques by studying, say, the first 90 pages, he will find the rest of the 
book an extremely valuable reference for advice and help, whenever 
he has to solve boundary value problems for ordinary differential 
equations. 


WOLFGANG WASOW 


Problems in Euclidean Space: Application of convexity. By H. G. 
Eggleston, Pergamon Press, New York 1957. 8+165 pp. $6.50. 
The book is grouped around ten principal, essentially unrelated 
problems. The author motivates collecting these problems in a book 
by their implicit or explicit connection with convexity. Actually, 
there is a much stronger bond between them, namely the spirit of 
the arguments, which is that of Besicovitch: the problems are special, 
the proofs require highly ingenious and intricate arguments, but use 
only the most elementary tools, euclidean geometry and trigonometry 
besides some simple facts on point sets and measure in E2 or E3. 
Most of the ,vork is due to the author, some to others, in particular 
to Besicovitch. 
The first problem concerns the characterization of a nonvoid open 
set in E2 which is the intersection of a decreasing sequence of open 
connected sets. The second is Ulam's problem, whether a homeo- 
morphism (x, y)-+(x', y') of E2, or of a square in E2, on itself can be 
approximated by homeomorphisms in which only one variable is 
changed. Problem 3 deals with sets E of finite linear Hausdorff 
measure. Denote by Ea the projection of E on a line with direction ex 
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and put peE) = infa H(E a ). Then v(E) < 21r- 1 H(E) for any measurable 
E, peE) < 2- 1 H(E) for connected E and v(E) < H(E)/(sec a+2 tan a 
+1r-4ß-2a), where tan ß=2- 1 sec a and 2- 1 +sina = 4 cos 2 a 
. (1 +4 cos 2 a)-I. The proof of these three inequalities takes 37 pages. 
Problem 4 is Borsuk's problem in E3, ,vhether a set of diameter 0 
is ah\yays the union of four sets of diameter less than o. The author 
prefers his involved solution as possibly generalizable to n> 3 to 
Grünbaum's simple solution as a "lucky fluke.>> 
The remaining problems concern bounded closed convex sets in E2. 
Denote by ö(X, Y) the area of XUY-X(\Y and put T(X, n) 
=inf ö(X, P n ), ,,,here Pn traverses all convex polygons ,vith at most 
n sides. Problem 5 considers several functions of this type, but the 
principal result is the convexity of T(X, n) as function of n. 
The other problems are easy to describe briefly: 6. Extremal prob- 
lems for convex sets solved by triangles, 7. The asymmetry of sets 
\vith constant ,vidth, 8. Sets of constant width contained in a set of 
given minimal \\yidth, 9. Extremal properties of circumscribed tri- 
angles, 10. The closest packing of equilateral triangles. 
Clearly, this book "rill not appeal to some, but ,viII be most delight- 
ful to others. In any case, it proves the strength and vitality of 
plane geometry and should help to revise the attitude of those numer- 
ous educators in the U.Su\. ,vho want to all but eliminate plane 
geometry from high school and college curricula. 
HERBERT BUSE'IAN
 


Die Lehre von den Kettenbruchen. V 01. II. A nalytisch-funktionen- 
theoretische Kettenbruche. By Oskar Perron. 3d ed. Stuttgart, 
Teubner, 1957. 6+316 pp. D
I 49. 
Earlier editions of this text on continued fractions contained in a 
single volume a part devoted to the arithmetic theory and a part de- 
voted to function-theoretic aspects (analytic theory). In the third 
edition these t\VO parts have been published in separate volumes. 
Volume I \\'as published in 1954 and the publication of the present 
book, Volume II, marks the completion of the third edition. Because 
the second edition is well known and has served as a standard refer- 
ence since its appearance in 1929, only the major changes occurring 
in Volume II are noted belo,v. 
Chapter I includes ne,v sections on continued fractions ,,-ith pre- 
scribed approximants (
3) and on a formula of Ramanujan (
8). 
Chapter II contains additional sections on new' convergence critieria, 
including the parabola theorem, (
17), and on the convergence of the 
Ramanujan continued fraction (
16). Several theorems on conver- 
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gence of continued fractions ,vith positive and with real elements (
11 
and 
12) are deleted, the statement of t\VO theorems is improved in 

14, and 
15 has been completely rewritten to unify the presentation 
of the Van Vleck-Jensen theorems with recent extensions of these 
theorems. Chapter III has new sections on C-fractions (
21) and 
some other expansions of pO,\\Ter series into continued fractions (
31), 
and on the relation to J-fractions of polynomials whose zeros have 
negative real parts. The discussion of periodic continued fractions 
(
22) has been modified to include C-fractions, and parametric repre- 
sentation of two continued fraction transformdtions has been added 
(
26). Chapter IV has a new section on complete convergence (
38) 
which permits the statement of a necessary and sufficient condition 
for a determinate Hamburger moment problem in 
39. Several suffi- 
cient conditions for determinate StieItjes and Hamburger moment 
problems are deleted from 
39. Chapters V and VI have been re- 
produced without essential change. 
The stated objective of the book is to give in an easily intelligible 
way the present state of knowledge of the subject. The author has 
been confronted with the difficult task of selecting and coordinating 
the material of major importance and not all readers will agree with 
his selections. Any defects of the book are those of omission. The 
reviewer regrets the omission of the methods and viewpoint of posi- 
tive definite continued fractions and, in particular, positive definite 
J-fractions. However, the numerous virtues of the book, among 
which are clarity of presentation, systematic citing of origins of 
theorems, and the many examples and formulas, will make it a 
valuable reference for many years to come. 


\v. T. SCOTT 


Combinatorial topology. Vol. 2. The Betti groups. By P. S. Aleksandrov. 
Trans. by Horace !{omm. Rochester, Graylock Press, 1957. 11 
+ 244 pp. $6.50. 
The original Russian edition of Aleksandrov's Kombinatornaya 
topologiya (Moscow-Leningrad, OGIZ, 1947) is a single volume con- 
sisting of five parts. The English translation of the first two parts has 
been published as Vol. 1 (See the Review in this Bulletin, Vol. 62, 
1956, pp. 629-630). The present Vol. 2 is the translation of Part III 
(Chaps. VII-XII), \vhich is devoted to homology and cohomology 
groups of locally finite abstract cell complexes and homology groups 
of compact metric spaces. I t deals mainly ,vith the construction of 
these groups and the proof of their topological invariance. 
The entire book is intended as an introduction to the classical 
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homology theory. As such, this is an e
cellent textbook \\-ith many 
good features. \Yithin the author's scope, the treatment is unusually 
thorough. The material is ".ell organized, and presented \vith great 
detail at a leisurely pace. There is a constant emphasis on geometric 
content. Compared with the modern trend, the use of algebraic 
machinery is rather limited. The exposition is supported by ample 
illustrations, examples, and figures. This should be most helpful to 
the reader in understanding the various concepts and results. 
The beginning (Chap. VII) of this \"01. 2 introduces the auxiliary 
algebraic apparatus (chains, boundary operator). The homology 
groups of locally finite abstract cell complexes are studied in Chap. 
\'111. Here as in the later chapters, the coefficient domains considered 
are non-topologized 6-\belian groups and fields. The cohomology 
groups for abstract cell complexes are introduced in Chap. IX, \vhere 
one finds a careful study of canonical homology and cohomology 
bases. These are immediately used to derive the relations among 
homology and cohomology groups over different coefficient domains. 
The proof, using simplicial approximations, of the invariance of the 
homology groups of polyhedra is given in Chap. X. In Chap. XI, a 
homology theory for compact metric spaces is developed and is based 
on the notion of proper cycle, \vhich is of \Tietoris type. By using 
the topological invariance of the homology groups of a compact 
metric space, a second proof of the invariance of the homology 
groups of polyhedra is obtained. The last Chap. XII studies relative 
cycles and local homology groups, \vith application to homology 
dimension and pseudomanifolds \vith boundary. This \YoI. 2 closes 
\vith an appendix containing the required basic facts on Abelian 
grou ps. 
The translation is remarkably smooth. This revie\\-er sincerely 
hopes for early publication of the English translation of the remaining 
Parts 1\' and V, ,,-here one \yill find important topics and applications 
of classical homology theory (Alexander-Pontrjagin duality theorem, 
an introduction to the theory of intersection, mappings of polyhedra 
and Lefschetz-Hopf fixed-point formula). \\"ithout studying these, a 
student reading the present \To1. 2 \vould be unable to grasp the full 
significance of the theory. On the other hand, the beginning graduate 
student \vill find this \"01. 2 an excellent introduction to material 
treated from a more advanced and modern point of vie,,- in Eilenberg- 
Steenrod's Foundations of algebraic topology, Princeton, 1952. 
Kv FAX 
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